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ABSTRACT

The motivation for improving underwater navigation systems arises from the need to
increase the quality of the estimation of position, velocity and orientation of the vehicle.
The development of an underwater navigation system is not trivial since traditional
methods used for aerial, ground or water surface vehicles, that rely on satellite systems,
cannot be used underwater. Therefore, a lot of effort has been made during the last
decades to develop new methodologies to locate an underwater vehicle by using acoustic
positioning systems. Within these acoustic systems, underwater navigation based on
single-range measurements has appeared as a less expensive solution, which is simple to
calibrate, deploy and recover. However, the implementation of such navigation systems
require caution when a filter to estimate the position is developed, since it suffers from

observability issues under certain scenarios.

This work addresses the development of a new methodology for the navigation system of
an underwater vehicle based on single beacon measurements. By moving a cooperative
mobile beacon attached under the surface vessel or platform, the system will be able to
estimate the position of the vehicle. In order to achieve this, a model that describes the
relative motion between the vehicle and the beacon is defined first, and then, observ-
ability conditions for the system are established. We define three types of maneuvers
for the vehicle: moving in circles, straight lines, and without any motion. We found
that, knowing beacon’s initial position, it was possible to ensure observability for the
vehicle’s maneuvers. Additionally, in the worst case scenario, where neither the beacon
or vehicle’s initial positions are known, we found that the system is not observable just

in the case when the vehicle remains in the same position.

Once these conditions are known, two state observers are implemented: an Extended
Kalman Filter and the Exogenous Kalman Filter. We evaluated both observers by
running Monte Carlo simulations. We used two metrics to evaluate the performance:
the Mean Absolute Error and the Integral of the Square of the Error. Both observers

presented good performance, but we prove global convergence for the XKF.



Finally, knowing which trajectories are better to increase the accuracy of the position
estimation, a trajectory planner is implemented. We used the Fisher Information Ma-
trix to define an index to be optimized in order to increase the accuracy in the state
estimation. All the observability analyses and the estimation of the position are devel-

oped from a theoretical point of view and validated through simulations in Matlab.

KEYWORDS:

Marine system navigation, guidance and control; underwater navigation; single-range

navigation; cooperative mobile beacon; observability.



1. INTRODUCTION

Offshore exploration requires highly reliable and precise systems in order to guarantee
safety of people and ecosystems; such exploration systems allow one to obtain informa-
tion from areas of interest [1-4]. Consequently, several researchers have focused their
interests on the construction of underwater vehicles that allow the exploration of the
ocean from a surface station. The most used underwater systems to perform such tasks
include Autonomous Underwater Vehicles (AUVs) and Remotely Operated Vehicles
(ROVs). These vehicles comprise mechanical and electronic components, and instru-
ments such as multibeam echosounders, side scan sonars, cameras, sampling systems,

among others [5-7].

Regardless if they are operated by cable (ROVs) or autonomous (AUVs), it is necessary
to develop control strategies to achieve the desired movements [8,9], and navigation algo-
rithms to localize the vehicle under the surface. Figure 1 shows a three-level hierarchical
Guidance, Navigation, and Control (GNC) structure for an underwater vehicle [10,11].

HIGH LEVEL ¢Mission

MISSION
PLANNING

MID LEVEL Waypoints

| 5 PATH
PLANNING

- Position
LOW LEVEL y Setpoints Velocity

Attitude
NAVIGATION Uy
’—P SYSTEM CONTROL > VEHICLE >

SENSORS

Figure 1: Navigation, guidance and control structure. In a typical GNC structure for
an ROV the control and navigation systems are implemented in the vehicle, while the

mission and path planning in the support vessel. Taken from [11].

The GNC system for an underwater vehicle can be developed with different degrees of

21



sophistication, depending on the type of operation that is to be performed, and the
autonomy levels that need to be achieved [8,12-14]. One of the main elements included
in the GNC is the navigation system. It allows estimating the position, velocity, and
attitude of the vehicle with respect to a system located on the surface control station,
from measurements made with different sensors: Attitude and Heading Reference Sys-
tem (AHRS); Conductivity, Temperature, and Depth (CTD) sensor; pressure meter;
acoustic positioning system; Global Positioning System (GPS); altimeter; and sonar;
among others. Given the characteristics of water, the development of underwater local-
ization systems is not trivial and presents a number of challenges [15-17]. Traditional
methods that rely on GPS cannot be used underwater, due to the attenuation of the
electromagnetic signals. Therefore, for certain operating depths, knowing the vehicle’s
position is not a simple issue, and this should be taken into account from the design
stage in order to achieve a synchronized operation between the surface station (usu-
ally located on a vessel) and the underwater vehicle [18,19]. To solve the navigation
problem, technologies that rely acoustic signals are used since they can be propagated
through water. Hence, arrays of sensors are used to determine the range and bearing

to the vehicle.

This work is being developed within the Strategic Program for the Development of
Robotic Technology for Offshore Exploration of the Colombian Seabed, project 1210-
531-30550, contract 0265 - 2013, which is funded by the Fondo Nacional de Finan-
ciamiento para la Ciencia, la Tecnologia y la Innovacion, Francisco José de Caldas; the
Colombian Petroleum company, ECOPETROL; the Universidad Pontificia Bolivariana
- Sede Medellin, UPB; and the Universidad Nacional de Colombia - Sede Medellin,
UNALMED.

1.1. LITERATURE REVIEW

The motivation for developing an underwater navigation system arises from the need to
estimate the position, velocity, and orientation of the vehicle all the time. A wide range

of navigation methods and sensor suites have been developed to solve the problem:
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Inertial Navigation System (INS): these methods are based on accelerometers
and gyroscopes mounted on the vehicle to estimate the position, velocity, and
orientation via dead-reckoning. Knowing its current position, speed and course,
the algorithm is able to calculate the new position at a given time |20, 21].

There are two main design methods for an INS: Gimbaled type (GINS), where
the inertial sensors are mounted on a stable platform which is isolated from the
movement of the vehicle; and Strapdown (SINS), where the sensors are mounted
rigidly to the structure of the vehicle. Because of their smaller size, lighter weight
and easy manufacture, SINS are more suitable for underwater robotic applica-
tions [22,23|. Some disadvantages of a SINS are: the initial alignment of the
sensors can be difficult; estimation drift due to noise integration and bias; and
expensive for more precise sensors [24-27].

Geophysical Map-based Navigation (GMN): the objective is to use bathy-
metric, geomagnetic, and gravitational information to estimate position, velocity,
and orientation of the vehicle. As stated by Leonard and Bahr [28], these ap-
proaches are based on matching sensor data with an a priori environment map,
under the assumption that there is sufficient spatial variation in the parameter(s)
being measured to permit accurate localization. One of the main advantages of
these techniques is to avoid the deployment of other sensors such as beacons to nav-
igate within a different environment. Nevertheless, the method requires an a priori
knowledge of the map, which can be expensive to be generated [29]. To get more
information, see for instance Melo and Matos [30] and the references therein for a
complete survey on advances on terrain based navigation for underwater vehicles.
Acoustic based navigation: these systems comprise a transceiver/transponder
set, and the measurements depend on the time of flight of acoustic signals within
the water. The transceiver sends a signal that is received by the transponder,
who answers sending back a response signal; the relative position between the
transceiver and the transponder is computed by considering the speed of sound in
the water. Within the acoustic positioning systems, single range-based navigation
has appeared as an alternative solution for the location of underwater vehicles since
it can reduce the infrastructure [15]. This navigation method only uses the range
between the vehicle and the beacon; therefore, the state estimation of the vehicle
involves many challenges [31,32]. This type of navigation for underwater vehicles
has been considered in recent years as a less expensive solution, simple to calibrate,

to deploy and recover.
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One of the first ideas using single beacon localization for underwater vehicles, appeared
in 1995 with the work of Scherbatyuk [33]. He proposed a navigation system, based
on an LBL system, with a single transponder, and onboard sensors to estimate the
position of the vehicle and the current velocity. The proposed algorithm assumed that
the vehicle moves in a straight-line path, therefore, some ambiguities were presented
in the estimation of the initial position. By that time, the work of Scherbatyuk [33]
showed the potential of using single transponder navigation with some observability
drawbacks that should be solved.

Four years later, Song [34] gave necessary and sufficient conditions for local observability
for 2D target tracking with single-range measurements. Using the Fisher Information
Matrix (FIM), he established that if the target relative motion is moving with constant
velocity or acceleration, the system was not observable. After those works, the research
around single-range navigation grew up exponentially in the last two decades [31,35-50].
For instance, Larsen |31]| proposed a navigation system based on dead-reckoning (DR),
acoustic range, and range rate measurement to a single source. His concept, called
Synthetic LBL, used temporal diversity of range measurement from a single stationary
source and an accurate DR navigation system to estimate the position of the vehicle.
In [37], Gadre and Stiwell presented a local observability analysis of the single range
navigation system around some vehicle trajectories and in [38], they presented the
same analysis in the presence of unknown currents. Hartsfield [39] tested the concept
of Larsen |31] during sea trials with the REMUS 6000, an AUV capable of diving up
to 6000 m.

Some researchers have been focused on developing algorithms to solve problems related
to single beacon localization. To solve the problem of localization (indistinguishability of
states), Dandach et al. [45,51] presented a continuous-time adaptive-source localization
algorithm, which used a mobile agent to estimate the location of a stationary source.
Satde and Aguiar [52| proposed a solution to estimate the underwater vehicle position in
the presence of unknown ocean currents based on the combination of DR with multiple
range measurements taken at different instants of time. Huang et al. [46,50] presented a
bank of maximum a posteriori estimators for single beacon localization. Clark et al. [53]
proposed a Gaussian mixture filter which generated Gaussian mixture approximations
to the conditional densities. Mandi¢ et al. [54] presented a mobile beacon control

algorithm that ensures observability in single-range measurement.
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Observability analysis

As it was mentioned before, the observability analysis for single-beacon navigation is not
a simple task. The theoretical foundation on observability for nonlinear system is based
on the milestone paper from Hermann and Krener |55, where the fundamental notions

about indistinguishability, local weak observability, and rank test were described.

Regarding the observability analysis for the single-beacon localization problem, An-
tonelli et al. [56] focused on the observability analysis of the relative localization of two
AUV. Assuming that the vehicles were equipped with depth sensors, linear/angular
velocity sensors, and communication devices with range measurements, they found
conditions that ensure observability of the linearized model and locally observability
conditions for the nonlinear system. Nevertheless, the scope of this work does not go
into a deeper analysis in which trajectories should execute one vehicle to ensure the
observability of the other. By using state augmentation and transforming the nonlinear
system into a linear time-varying system, Batista et al. [57| found necessary and suf-
ficient conditions on the observability of the nonlinear system. Inspired by this work,
Bayat and Aguiar [58] addressed the single and multiple observability analysis of the
Simultaneous Localization and Mapping (SLAM) for AUV navigation using range mea-
surements to stationary beacons. Crasta et al. [59] investigated the observability for
two classes of maneuvers in 2D and in [60,61], they extended the approach for 3D and
trimming trajectories. All observability analyses carried out on the previous works as-
sume that the beacon is fixed, therefore the vehicle should execute excited maneuvers

to ensure observability on the system.
Practical considerations

The performance of the navigation system for an underwater vehicle can be degraded by
communication losses, multipath effects, noise, and bandwidth limitation. Therefore,
some researchers have developed special interests in robust methods, which guarantee
performance over several scenarios. Olson et al. [62] proposed an outlier rejection algo-
rithm to improve the performance of an EKF'; the method was based on the representa-
tion of range data as graph and applied graph partitioning algorithms. Indiveri et al. [63]
proposed an outlier rejection algorithm for single-beacon navigation based on the least
entropy-like (LEL) [64]. Lekkas et al. [65] proposed a simple x? statistics test in order

to evaluate every new measurement and discard those which gave large residuals com-
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pared to the predicted value of an EKF. More recently, Emami and Taban [66] proposed
an H-infinity algorithm for underwater navigation, which decreased the effects of the

outliers data.
Optimal and cooperative navigation perspectives

Knowing that the trajectories of the vehicle affect the observability of the system, two
lines of work started being developed: first, cooperative localization between AUVs [67;
and second, the design of optimal trajectories, which maximize the information provided

by sensors [68].

Regarding cooperative localization, Rui and Chitre [69] presented a cooperative posi-
tioning system between two AUVs. The idea was to use one vehicle to localize, while
the other one was executing a lawnmower path over the survey area. Fallon [70]| devel-
oped an algorithm for cooperative AUV navigation with an autonomous surface craft.
By developing a path planning algorithm for the surface vehicle, the AUV was able to
localize with respect to the surface vehicle. Webster et al. [71] reported a decentralized
extended information filter for single-beacon cooperative navigation between vehicles.
Using ranges and state information from a single reference, the other vehicles were able
to improve their localization. Parlangeli and Indiveri [72,73] described the single range
observability issues related to cooperative underactuated underwater vehicles. They
described all possible unobservable motions for the vehicles given the initial conditions
and the velocity commands. Tan et al. [49] explored the use of a single-beacon vehi-
cle for range only localization to support other AUVs. They developed a cooperative
path-planning algorithm for the beacon based on dynamic programming and Markov
decision formulation. Mandié¢ et al. [54]| developed a mobile beacon control algorithm
that ensure observability for single-range navigation. Using a cost function based on the

rank condition, the goal of the algorithm was to reduce this cost as much as possible.

Despite of the previous work, the trajectories that the vehicle or the beacon should
execute only guarantee the observability of the system, but not how good is the in-
formation provided by the range measurements [68]. To tackle this problem, Moreno-
Salinas et al. |[74] found an optimal geometric configuration of a sensor network which
maximized the range information available for the vehicles. Pedro et al. [75] developed
a single-beacon localization algorithm based on the maximization of the information for

localization, at the same time reducing energy consumption. Moreno-Salinas et al. [76]
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developed an integrated motion planning, control, and estimation algorithm for range-
based positioning, and Crasta et al. [77] extended the techniques proposed in [76] to

deal with the presence of unknown disturbances represented by ocean currents.

1.2. PROBLEM STATEMENT

In spite of the progress made in range-based navigation, cooperative navigation for
underwater vehicles remains as a promising field for the underwater robotic commu-
nity. For instance, the Innovative Training Network on Autonomous Unmanned Aerial
Systems for Marine and Coastal Monitoring (MarineUAS, http://marineuas.eu) is
a doctoral program to strengthen research on Autonomous Unmanned Aerial Systems
for Marine and Coastal Monitoring |78,79]. One of the main focus of the program is
to develop strategies of cooperative navigation between autonomous unmanned aerial

vehicles (UAVs), autonomous surface vehicles (ASVs), and autonomous underwater ve-
hicles (AUVs).

Most of the above solutions rely on the deployment of another vehicle (which can be
expensive) or to execute (persistent) exciting manoeuvres (which can imply a deviation
from the real mission) to ensure observability. Therefore, this dissertation is aimed
at developing a new methodology for the navigation system of an underwater vehicle,
based on the range measurement from the vehicle to a simple cooperative mobile beacon
(cooperative in the sense that it is going to help in the observability of the system and
simple in the sense that the use of another vehicle is not required) attached to a static
support vessel or a fixed platform, which allows the vehicle to execute its mission
without the need to perform manoeuvres to ensure observability. The main research

questions which are addressed are:

e Will it be possible to develop a motion strategy for a cooperative mobile beacon,
attached to a static surface vehicle or platform, which guarantees the observability
of any given vehicle’s trajectory?

e Based on the trajectories that should execute the beacon, in order to guarantee
observability, will it be possible to propose a mechanism for the movement of the

beacon?
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1.3.

Will it be possible to quantify how good is the observed measurement for any given

trajectory of the vehicle and the beacon?

CONTRIBUTION

The key novel contributions that emerge from this doctoral thesis are:

Chapter 2:

Unlike the methods we found in the literature, we propose a simple mechanism
attached to a surface vessel or platform, which can help to localize the vehicle
underwater by using single-range measurement.

We derive observability conditions for the combination of movement of the vehicle
and the beacon. This conditions allow one to design control strategies for the
beacon to guarantee observability of the whole system.

We study the observability conditions in two scenarios: when it possible to know
the beacon’s initial position a priori and when it is not. This problem can be seen

as an SLAM problem, where we are also interested in the location of the beacon.

Chapter 3:

We developed and implemented a nonlinear filter based on the Extended Kalman
Filter for the vehicle’s and beacon’s position. The filter was implemented with and
without taking into account ocean currents.

We implemented an improved a version of the EKF called Exogenous Kalman Fil-
ter for the vehicle’s and beacon’s position. Unlike the EKF, the XKF has global
observability properties, and at the same time it shows good noise-rejection prop-

erties.

Chapter 4:

We tackled the observability problem of single range navigation from a optimization
point of view. For this, we maximized the Fisher Information Matrix in order to

find trajectories that improve the observability of the system.
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e Additionally, we included another cost function, which accounted for the energy

used to move the beacon. Using the multi-objective toolbox from Matlab, we found

the Pareto front, which shows that no matter how much we increase the energy of

the beacon there will be a point where the FIM of the system will not be improved.

Additionally, the following contribution are for the research group are:

e This thesis strengthens the research group’s lines: Control Theory and Mechatron-

1cSs.

e The academic products associated with the thesis (conferences and journal pa-

pers) are reported to the research group, which enhances its position within the

Colombian Science, Technology and Innovation System.

e During the Ph.D. several master student were advised in topics related with navi-

gation and control of underwater vehicles.

1.4. PRODUCTS

During the PhD, different products were accomplished:

e Dissertataion document

e Articles:

Rua, S., Crasta, N., Vasquez, R.E., and Pascoal, A.M. 2020. Enhanced
cooperative single-range underwater navigation based on optimal trajectories.
IFAC-PapersOnLine, Accepted.

Rua, S., Crasta, N., Vasquez, R.E., Betancur, M.J., and Pascoal, A.M. 2019.
Cooperative range-based navigation using a beacon with circular motion in-
stalled on board the support platform. IFAC-PapersOnLine, 52(21). pp.
390-395. doi: 10.1016/j.ifacol.2019.12.338.

Vasquez, R.E., Castrillon, F., Posada, N.L., Raa, S. and Zuluaga, C. 2019.
Curriculum change for graduate-level control engineering education at the Uni-
versidad Pontificia Bolivariana. IFAC-PapersOnLine, 52(9). pp. 306-311.
doi: 10.1016/j.ifacol.2019.08.225.

Raa, S., Zuluaga, C.A., Posada, N.L., Castrillon, F. and Vasquez, R.E.

29


https://doi.org/10.1016/j.ifacol.2019.12.338
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2016. Development of the Supervision/Control Software for a Multipur-
pose Three-Tank System. IFAC-PapersOnLine, 49(6). pp. 156-161. doi:
10.1016/j.ifacol.2016.07.170

— Raia, S. and Vasquez, R.E. 2016. Development of a Low-Level Control System
for the ROV Visor3. International Journal of Navigation and Observation,
2016. pp. 1-12. doi: 10.1155/2016/8029124

— Ramirez-Macias, J.A., Brongers, P., Raa, S. and Vasquez, R.E. 2016. Hy-
drodynamic Modelling for the Remotely Operated Vehicle Visor3 Using CFD.
IFAC-PapersOnLine, 49(23). pp. 187-192. doi: 10.1016/j.ifacol.2016.10.341

— Aristizabal, L.M., Ruaa, S., Gaviria, C.E., Osorio, S.P., Zuluaga, C.A.,
Posada, N.L., and Vasquez, R.E. 2016. Design of an Open-Source Based Con-
trol Platform for an Underwater Remotely Operated Vehicle. DYNA, 83(195).
pp. 198-205. doi: 10.15446/dyna.v83n195.49828

e Software suite in Matlab with all the simulation presented in this work.

1.5. THESIS STRUCTURE

This thesis is organized as follows: Chapter 2. focuses on the observability analysis
of the cooperative range-based navigation system. To this end, we first introduce the
model of the vehicle and beacon. Then, we describe some definitions of observability
for linear and nonlinear systems, which are going to be used in the following sections.
Then, the observability properties of the system are studied with and without tanking
into account ocean currents. Chapter 3. focuses on the implementation of the nonlinear
filter for the beacon and vehicle’s position estimation problem. First we introduce the
model taking into account ocean currents and noise. Then, we implement an Extended
Kalman Filter which is based on the linearization of the model around the current
state estimation. Since the EKF does not have global stability properties, an variation
called Exogenous Kalman Filter is implemented. Chapter 4. is focused on finding
optimal trajectories which maximizes range information to localize the vehicle under the
water. Chapter 5. presents some conclusions and future work related with underwater

navigation.
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2. OBSERVABILITY ANALYSIS

2.1. INTRODUCTION

The observability analysis is an important task while designing a state observer for a
dynamical system. In particular, this chapter presents the observability analysis of a
cooperative system; it is shown under which different combination of trajectories is the

system observable.

2.2. SYSTEM MODELLING

To analyze the motion of the vehicle and the beacon, two coordinate frames are defined:
an inertial Earth-fixed frame (this frame is considered as the North, East, Down frame
NED {N}; attached to a port facility or a stationary support vessel), where the motion
of the vehicle is described, and a body-fixed frame {B}, which is conveniently fixed to
the vehicle and moves with it. Additionally, to define the mathematical model, two
different scenarios are taken into account: first, the motion of the vehicle only depends
on its velocity; and second, the motion is affected by ocean currents. Figure 2 shows

the setup used in this work.
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Figure 2: Setup configuration in 2D space. The orange dotted lines represent the

trajectory executed by the vehicle, while the blue one the beacons trajectory.

2.2.1. Vehicle motion without ocean current

The kinematics (motion) of the vehicle (without being affected by ocean currents) can
be described as

p(t) = ER() v (1), (2.1)
where Zp(t) = [y, Y0, 2,] " € R3 denotes the position of the vehicle with respect to the
inertial frame {Z}, Bv(t) = [u,,v,,w,]" € R? is the linear velocity of the vehicle with
respect to {Z} and expressed in {B}, and £R(t) € SO(3) is the rotation matrix from
{B} to {Z}. The orientation of the vehicle can be parameterized using Euler angles

1n = [¢,0,%]", then the rotation matrix can be written as

cpcl  —sep + csfsp  sPse + csbed

IR(t) = | scld cipcd + sslsd  —cibsg + sisbeg | (2.2)
—s6 clso chcop
where s- = sin(-) and c- = cos(-). Recall that the rotation matrix satisfies
ER(t) = ER(D)S(w. (1)), (2:3)

where w,(t) = [p,q,7]" € R3 denotes the angular velocity of the vehicle, and S(-) is the

skew-symmetric matrix defined as

0 —as [25))
S(&) = as 0 —ay |, (24)
—Qa2 aq 0
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for every a = [ay, ay, a3]" € R,

Assumption 1. The roll and pitch motions of the vehicle are small, that is ¢ ~ 6 ~ 0.

Assumption 1 implies that the angular velocity in roll and pitch will be zero, that is
p = q = 0. Additionally, it encompasses a wide range of vehicles such as ROVs and
AUVs [19, 68, 80|, which are designed to have stability in roll and pitch, or have no

control over those motions.

Let w (¢) = [cos(¢) sin(¢) 0]T and w (¢) = [—sin(¢) cos(¢) 0] " be orthonormal vectors
and e; € R?, i € {1,2,3} the i*" column of the 3 x 3 identity matrix. Then, taking
into account Assumption 1, the rotation matrix SR (¢) can be written as ZR((t)) =
[w (¢(t)) wt(¢(t)) es]. Using this fact and the equation (2.1), the motion of the

vehicle can be written as
Ty = Uy COSY — v, SINY

Uy = Uy SINY + v, COS Y (2.5)

Zy = Wy

2.2.2.  Vehicle motion with ocean current

In the previous section, the motion of the vehicle was formulated without considering
the effects of the ocean current. Now, the idea is to model the motion of the vehicle
being affected by ocean currents under certain assumptions:

Assumption 2. Ocean currents are constant and irrotational.

The kinematics (motion) of the vehicle affected by a constant ocean current is given by

p(t) = FR()5v (L) + Fv(t) (2.6)
Lv.(t)=0
where Zv (t) = [v,,vc,,v..]" € R?® is the unknown ocean current. Then, expand-
ing (2.6) and using Assumption 1, the motion of the vehicle is given by
Ty = Uy COSY — v, SINY + vcz\
Yp = Uy SINY + v, COSY + V.,
(2.7)

Zy = Wy + Ve,

:UCy:sz:O )

33



2.2.8. Beacon Motion

Consider now a support vessel or a fixed platform (where the inertial frame is fixed),
which has a mobile beacon attached. This beacon sends an acoustic signal to the vehicle,
and by measuring the time of flight it is possible to measure the range to the vehicle.
Typically this beacon is assumed to be static [32,57-61,63,64,77,81-85| or mobile by
using another vehicle [54,72,73]. The proposed mechanism consists in a manipulator
arm with 2-DoF (a revolute and a prismatic joint), which has the beacon attached at
the tip (see Figure 3). The key idea is that the prismatic joint will be compensating
the perturbations generated by the waves in the vessel (to regulate the depth of the
beacon), while the revolute joint will be used for observability purposes.

Assumption 3. The depth of the manipulator arm is known and maintained to a

constant value.

Vessel

Y

Revolute
joint TS

Beacon

=

Figure 3: Manipulator arm with the beacon at the tip. The longitudinal axis will be

1 DoF Manipulator

used to compensate for the ocean wave and regulate the depth of the arm, while the

rotational movement to ensure observability in the system.

Let b(t) = [bs, by, b.]" € R? denote the position of the beacon with respect to the
inertial frame. The motion of this beacon is given by
Tb(t) = bnwmw™ (x(1)) }
X(t) = Wm;

where [,, € R is the manipulator’s length, w,, € R is the angular velocity of the

(2.8)
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manipulator, and x € [0, 27) is the angular position of the manipulator in the xy plane.

Notice that the motion of this manipulator is only in the xy-plane.

Since the beacon is fixed to a vessel or a platform, Assumption 3 implies that the
manipulator should have a regulator to control the depth at a specific value. Let
1d(t) = [dy, dy, d.]" € R? denote the range vector from the beacon to vehicle and given
by Zd(t) = Ib(t) — Ip(t) . Then, the range measurement d(t) is given by

d(t) = |IFd(®)[| = [['b(t) = *p(1)Il, (2.9)

where || - || denotes the Euclidean norm in R™.

2.3. PROBLEM STATEMENT

Now that the model of the vehicle and the beacon were defined, the problem to be
solved can be stated. For the motion of the vehicle there are two scenarios: whether
or not the vehicle is being affected by ocean current. Further, it is assumed that the
depth of the beacon (b,) and the vehicle (p,) are known or measured. The 3D kinematic

model of the vehicle and the beacon for the two scenarios (see Figure 4) are given by

e Without ocean current:

B(t) = 1, w,, W (x(1))
X(t) = wm
d(t) = |[*b(t) — *p(t)||

)
)
)

2.10
) (2.10)
)
)




e With ocean current:

)
)
)
) =W : (2.11)
)
)
)

oo
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Figure 4: Illustration of the proposed setup with the vehicle and the beacon. In a)

without taking into account the current, and in b) with ocean currents.

Throughout this work, the velocity and the orientation of the vehicle, and the angular
velocity of the manipulator are assumed as inputs to the system. These variables can
be available from an Attitude Heading Reference System (AHRS) for the orientation,
a Doppler Velocity Log (DVL) for the velocity, and a Rotary Encoder (for the angular
velocity of the manipulator). The problem addressed here is to study whether or not it
is possible to estimate the initial position of the vehicle and the beacon given the time
histories of the inputs (linear velocity and rotation of the vehicle, and rotation of the

beacon), and the time histories of the outputs (depths and range from the beacon to the
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vehicle). Notice that the solution of the problem is not trivial since the observability is

going to change depending on the trajectories executed by the vehicle and the beacon.

To solve this problem, the following section introduces some definitions needed to carry
out the observability analysis of the system (2.10) (respectively (2.11) with ocean cur-

rents).

2.4. OBSERVABILITY DEFINITIONS

In the following, some necessary definitions are introduced for observability analysis of
the system (2.11) ((2.10) resp.). The definitions for linear and nonlinear system are

presented.
Nonlinear Systems

Consider a general nonlinear system

)’(zf()gu)}

y = h(x)
defined on R", where f is a smooth and complete vector field on R”, the input vector

(2.12)

u = [u;---uy takes values in a compact subset € of R" containing zero in its interior,

and the output function h: R" — R™ has smooth components hy, ..., hy.

Two states X1, Xy € R"™ are indistinguishable for the system (2.12) if, for every admissible
input u € €, the solutions of (2.12) satisfying the initial conditions x(0) = x; and
x(0) = x5 produce identical output-time histories. In other words, x;,xs € R" are

indistinguishable for the system (2.12), if and only if

h(®y (t,x1)) = h (Dy (t,%2)) (2.13)
for every t > 0 and input u, where ®,(t,xq) denotes the solution of the system (2.12)
at time ¢ for the initial condition x; and the input u. Given x, € R", let us denote

Z(x0) € R™ as the set of all points that are indistinguishable from xy with respect to

the system (2.7). Recall that the indistinguishability is an equivalence relation on R".

The following definitions from [55] are used. The system (2.12) is observable at xo € R™
if Z(xo) = {Xo}, and is observable if Z(x¢) = {xo} for every xo. The system (2.12) is
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weakly observable at xo € R™ if x¢ is an isolated point of Z(xp). The system (2.12)
is weakly observable if it is weakly observable at every x, € R". Clearly, observability

implies weak observability.
Linear Time Varying Systems

Consider a general LTV system

y = C(t)x(1) (2.14)
x(to)

X0

defined on R", where x € R" is the state vector, u € R" is the input vector, y € R™ is
the output vector, A(t), B(t),C(t), D(t) are matrices with appropriate dimensions, and
xo € R" is the initial condition of the system. The solution for the equation (2.14) is

given by
t

x(t) = ®(t, to)xo +/ O(t, 7)B(T)u(r)dr
oo (2.15)
y(t) = C(t)D(t, to)xo —|—/t C(t)®(t,7)B(T)u(r)dr

where ®(t,ty) € R™ ™ is the state transition matrix, and is given by the Peano-Baker

series . . o
<I>(t,t0):I+/ A(al>do—1+/ A(o—l)/ A(on)dosdoy + . (2.16)
to to to

Recall that observability is referred to whether is possible or not to estimate the initial
condition of the system given the time history of the input and output. Then, from the
output equation in (2.15), the observability can be determined by analyzing when we

can find a solution for the equation

50 =y(t) - [ ClO@en)Bru(r)dr

to

for the unknown xy € R™. The following definitions are borrowed from [86]. Given two
times t; > to > 0, the unobservable subspace on [ty, t1] denoted as UO|ty, 1] from the
system (2.14) consists of all states xq € R™ for which C(¢)®(¢,t9)xo = 0,V € [to,t1].
The system (2.14) is observable if and only if /O[ty, t1] = {0}. From this last definition,
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the relationship between indistinguishable initial conditions and the unobservable space
can be derived. Given a input/output pair {u(t), y(t)} with ¢ € [to, t;] associated with
the initial condition xo € R™ of system (2.14). Then Z(xo) = {xo+x, : X, € UO]to, 1]}

is the set of all indistinguishable initial conditions on [t,#;] from system (2.14).

Additionally, the unobservable space can be analyzed by computing the kernel of the

observability matrix from system (2.14), which is given by

N[)(t,t O)
O— N, (%,t 0)

Nk—l (t7 tO)

where d'C(t)D(t,t
N;i(t, to) := %z e {0,1,...k—1}

2.5. OBSERVABILITY ANALYSIS WITHOUT OCEAN CURRENT

Up to this point, only the kinematic model of the vehicle and beacon have been defined.
Note that the system (2.10) is nonlinear since the time evolution of the state and the

output depend on a nonlinear function of the state.

To perform the observability analysis of model (2.10), first the model is transformed to
the reference frame {B}. Subsequently, inspired by the approach [32,57], an state space
augmentation is applied to convert the nonlinear system into a LTV system. Taking
into account that this new system is equivalent® and by using linear system tools, the

observability of the system is analyzed. Figure 5 shows a summary of this procedure.

Additionally, since the information of the depth is available for the vehicle and the
beacon, the whole observability analysis will be carried out in the horizontal plane.

Even though the range measurement is acquired in a three dimensional space, the
range in 2D can be obtained by applying Pythagorean theorem as d,, = /(d?> — Az?),

*Equivalent in the sense that the state trajectories of the linear varying system have one-to-one correspondence to

the state trajectories of the nonlinear system. In other words, the transformation is injective.
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where Az = p, — b, is the difference between two depths (vehicle and beacon), and d,,
denotes the range measurement in the xy-plane. Then, for the sake of completeness,

the system (2.10) in a two dimensional space can be rewritten as

(2.18)

where Zp, Bv, Tb € R?, LR € SO(2), and the vectors w () and w' (-) are properly
redefined in R2.

Nonlinear kinematic
model (inertial-frame)

Nonlinear kinematic
model (body-frame)

LTV system

Observability analysis
with state constraints

Figure 5: Observability analysis procedure for the underwater navigation system.
Notice that the state from the LTV system has constraints, since it comes from a

similarity transformation done to a nonlinear system.

Recall that the system (2.18) is expressed with respect to the {Z} frame and the state is
given by the position of the vehicle and the beacon. The key idea here is to express the
model (2.18) in the frame {B} and to use the range vector 5d(¢) and the manipulator
angle x(t) as new state variable of the system. With these two variables it is possible
to describe the motion of the system (2.18). From this part of the document, explicit
dependence of time (t) will be omitted for sake of simplicity. Further, since Assump-
tion 1 implies rotation only in the z-axis, let R, := R(a) denote the rotation matrix

that rotates vectors by an angle a € [0, 27) about the z-axis. Since () represents the
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rotation from {B} to {Z}, then ZR(¢(t)) := Ry Let us rewrite the range vector in the
{B} frame, that is

fd=R,(*b-"p). (2.19)

Using the time derivatives of the vehicle and beacon positions (2.18) and the equa-
tion (2.3), it follows that

5d=R,(*b—"p)+R)(*b—"p)
- —S(T)Rl(Ib - Ip) + R;(lmwme (x) — ﬁRd,Bv)
= —S(r)fd —Pv + Lnwm Ry w™ (x) (2.20)

To get a state-space realization of the system, let us define the state vector as x =
[x1,20] " o [5d, x] € R? x [0,27), and recall that r € R the angular velocity of the
vehicle, w,, € R the angular velocity of the beacon, Bv € R? the linear velocity of the
vehicle, and Ry € SO(2) are inputs to the system. Then, the state-space realization

can be written as

<) = —S — BV + lywn R W
X4 (r)x; —°v W Ry W (2) (2.21)

.i'gzwm

From (2.18) and (2.19), and by using the square range measurement instead of the usual

range measurement, it is possible to rewrite the output equation as

d2, = |"b - 7p||
_ BdTBd
=X, X (2.22)

At this point, it is important to point out that square range measurement is used for
observability purpose, and that the conclusions obtained with this measurement does
not change [59]. The following remark summarizes this statement.

Remark 1. The system (2.10) (respectively (2.11)) with range squared measurement is
observable if and only if the system (2.10) (respectively (2.11)) with range measurement

1s observable.

Proof. Suppose that the system (2.10) (respectively (2.11)) with range squared measure-

ment is observable. Thus, for every different pair of initial conditions xq and zg, there
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exists a time ¢* € [0,¢*], and an input u* such that h (Py- (£*,%0))* # h (P~ (t*,20))°.
Then, it also follows that h (®y« (t*,%g)) # h (P« (t*,20)), which means that the sys-
tem (2.10) (respectively (2.11)) with range measurement is observable. The reverse can

be concluded in the same way. This completes the proof. O]

Now that the system is expressed in the {B} frame, a state augmentation is ap-
plied to make the system linear with respect to the state variables. Notice that
the nonlinearities in the state variables come from the output equation (2.22)
and the term w (z3) in (2.21). Inspired by the same ideas presented in [81],
let us define the following state-space augmentation z := [z, 2,23, 24, 25, 26] =
[x1, Ry, w (2) ,RI/QZQ, 7| 71, 7] Z, 7, z3). Then, the system (2.21) with the previ-
ous state augmentation described, can be rewritten in linear form (for a detailed step
by step of this procedure, see Appendix A.1.) with state variable z € R% input vector

u=Bv" w,, 7] € R% and output y € R as

z = A(u)z + Bu
(w) (2.23)
y=0Cz
where
—S(r) L o 0 0 0 0
0 =S(r) —wply O 0 0
0 (W — 1) 15 0 0O O 0
Alu) = ,
(w) —2By T 0 0 0 2,,wm 0
0 By T 0 0 0 — W,
0 0 Byl 0wy 0
I, 0 0 |
0O 0 O
0O 0 O
B = ,
0O 0 0
o [, O
0O 0 0

C=10 001 0 0f,
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and the initial conditions satisfying

z1(0) x1(0)

z5(0) R,wh (22(0))

w0 | RIm0) -
24(0) 21(0) "21(0)

25(0) 21(0)"z5(0)

| 26(0) | | 21(0) " 23(0)

It is important to explain that the constraints imposed in the initial conditions (2.24)
are important for the observability analysis. These constraints guarantee one-to-one
correspondence between the original nonlinear system (2.21) and the LTV system de-
scribed by (2.23).

Now that the system is LTV, one way to solve this problem is to find the Observability
Gramian and test if it is nonsingular for any ¢t > 0. Nevertheless, this is not a simple
task, mainly due to the state transition matrix given by the Peano-Baker series in (2.16).
Instead, the set of admissible inputs u to the system is redefined. The motion of the
vehicle and the beacon are restricted to trim trajectories. Along these trajectories the
velocities measured in the body frame and the control inputs u are constant [87].

Assumption 4. The vehicle and beacon are executing trim trajectories, that is, 1 = 0.

Notice that Assumption 4 implies that the system (2.23) can be seen as an LTT system,
since A(u) is constant and known. Then, the observability analysis of the system can be
carried out by just analyzing the observability matrix. Further, the class of maneuvers

executed by the vehicle and beacon can be summarized as:

e vehicle
— staying at the same point: ||Pv|| = 0.
— moving in straight lines: [|Pv|| # 0 and r = 0.
— moving in circles: |[Pv|| # 0 and r # 0.
e beacon
— without movement: w,, =0

— rotating: w,, # 0.

Based on these maneuvers, the observability analysis is carried out for the system (2.23).

Proposition 1. Consider system (2.23) with u € R* fulfilling assumption 4. Further,
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suppose that the vehicle moves in circles, that is,

18] # 0,7 #0, (2.25)
and the beacon rotates with angular rate
1
W # 0 #£ +r #£2r # 5" (2.26)
Then, the system (2.23) is observable.
Proof. Consider the initial condition z(0) € R® and let u € R* be constant. Since

the input is known and constant, (2.23) is an LTI system. The observability matrix

associated with the system (2.23) is defined by O = [C,CA,...,CA" T with n €

{1,2,..,9}. Then the observability matrix is given by
[0 0 0 10 0
—By T 0 0 0 lLypwn 0
—p By LT — 20w Bv T 0 0 0 —lw?,
r? By T —3l, W BVt 3lmw%13VT 0 —lpws, 0
O=2] 3By’ lmmengl( m) 3lmrwanVLT 0 0 It
—r BT Lrwn BV ga(r, wm) Inw2Bvlgs(r,wnm) 0 1w 0
—r Byt BT gu(r wm) LW Byt go(r w) 0 0 — W
76 By T [ rw, Bvt' g5(r,wm) w2 Bv T ge (1, W) 0 —lnw! 0
|7 By’ Lnwm BV T g7 (7, W) Lnrw2 By gs(r,wm) 0 0 [,
(2.27)
where Bvt = RW/QBV, and g; : R? = R with i € {1,2,..., 7}, are functions of w,, and r
given by
g1(1, W) = 41 — 3rw, + 4w
Ga(r, wy) = 51 — 61w, + 7wm,
g3(7, W) = 41* — 3rw,, + 5w?,
ga(r, wm) = 3r* — 5w, + Tr2w?, — drw?, + 3wl
g5(r, wm) = Trt — 157w, + 25r2w?, — 21rw? + 13w},
96(r, wy) = 6r* — 10r3w,, + 14r2w? — 8rw? + Tw? |
gr(r, wy) = 8% — 21r°w,, + 41r*w? — 45r3%w? 4 35r2w? — 151w’ + 8w .

The determinant of (2.27) is given by

det(0) = —256r3w},?l§n||Bv||6(r — wm)7(2r — wm)2(2wm — 7“)4(wm + 7’)4.
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Note that if (2.25) and (2.26) hold, then det(OQ) # 0, which implies that the observ-
ability matrix is full rank and therefore system (2.23) is observable. This completes the

proof. O]

Nevertheless, since the state-augmented system (2.23) is not a minimal realization of
the original nonlinear system [88,89], it is important to analyze the observability of
the system when (2.25) and (2.26) do not hold. Therefore, the following scenarios are

analyzed:

Vehicle moving in Circles, and the Beacon Rotating (VCBR).

Vehicle moving in Circles, and the Beacon does Not move (VCBN).
Vehicle moving in straight Lines, and the Beacon Rotating (VLBR).
Vehicle moving in straight Lines, and the Beacon does Not move (VLBN).
Vehicle does Not move, and the Beacon Rotating (VNBR).

Neither the vehicle nor the beacon move (VINBN).

ANl S

Two additional scenarios for each of these cases are analyzed: when the beacon’s initial

position is known a priori, and when it is not known.

2.5.1.  Vehicle moving in circles

Here, the observability of the system is analyzed assuming that the vehicle is moving
in circles, that is, 7 # 0 and ||®v|| # 0, while the beacon can be rotating or not. In
Proposition 1 the case in which the beacon was rotating was analyzed. Now consider
that the beacon does not move (w,, = 0); hence, the following proposition establishes
the observability properties of the system given a stationary beacon.

Proposition 2 (VCBN). Consider system (2.23) with u € R* fulfilling assumption /.
Further, suppose that the vehicle moves in circles ((2.25) holds) and the beacon does

not move, that is,

W = 0. (2.28)

Then, the system (2.23) with the constraints in the initial conditions (2.24) is not

weakly observable. Moreover, for every z(0) € R, the set of all indistinguishable initial
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conditions denoted by Z(z(0)) is given by

T(2(0)) = { 2(0), | P 7 (2.29)

.

where sg : [0,27) — S' is the map described by sg := [cos § sin§]" and sg = RI/255.

Proof. Consider the initial condition z(0) € R? and let u € R* be constant. Since
the input is known and constant, (2.23) is an LTI system. Taking into account (2.28),
the first three rows of the observability matrix associated with the system (2.23) are

calculated by
0

0

O=| -25vT 0

—2rBvLtT 0

and the following rows can be computed as CA’ = —r?(CA’72) for j € {3,4,5,...}.
Since the rank of (2.30) is 3, then the kernel of O is given by

o O O

0
0 (2.30)
0

o O O
o O =

(0 0 0 0 0 O]
e, ¢, 0 0 0O
0 0 e, 0 0
ker(©) = | 9;) 93’ 0 o (2.31)
0 0 0 0 1 0
00 0 0 01

Recall that the unobservable space is given by all initial conditions that generate the
same input-output map. Therefore, all initial conditions of the form z(0) = z(0) +

ker(O)a with a = [aq, as, a3, oy, as, o] T € RS, are indistinguishable from z. Then

z1(0) z1(0)

Z5(0) z5(0) + ay

2_3(0) _ z3(0) + oy | (2.32)
4(0) 24(0)

Z5(0) 25(0) + as

_76(0)_ _26(0) + ag |
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where o, = [a1,a]" and @ = [a3,a4]". Recall that the initial conditions should

satisfy the constraints given by (2.24). Since zy := R w" (), then
7 (0)2:(0) = 1,
(22(0) + 0a) " (22(0) + ) = 1,
lleta +22(0)]* = 1,
o, = —22(0) + sg,

(2.33)

where sg := [cos 3,sin 8]T with 3 € [0,27). From the relation between z,(0) and z3(0)

in (2.24) and using (2.32), it can be concluded that

23(0) = R, 1522(0),
23(0) + ap = R/ (22(0) + ) ,

-
oy =Ry 0.

(2.34)

Moreover, it is possible to obtain a5 and «ag from the relation of z5 and zg in (2.24),

thus
25(0) = 25(0) + o,
21 (0)22(0) = 2, (0)z2(0) + a5,
21 (0) (22(0) + @) = 2{ (0)25(0) + s,
as =1z, (0)a,
and

z,(0) z1(0)
Z>(0) Sp
z3(0) _ Sy
z4(0) 24(0)
z5(0) z{ (0)sp
1%(0)| |21 (0)s5 ]
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This implies that the set of indistinguishable initial conditions from z(0) € RY is a
continuous of points parametrized by a free parameter 5 and described by (2.29). Thus

the system is not weakly observable. This completes the proof. O]

To give a psychical meaning of the set (2.29), the initial condition z(0) needs to be trans-
formed to the original coordinate system. Using (2.24) and (2.19), it can be shown that
the initial beacon’s position in the {Z} frame is related by Zb(0) = lmRTTr/QRszg(O).
Additionally, the initial vehicle’s position is given by Zp(0) = Zb(0) — Zd(0), which im-
plies Tp(0) = Ry, (lmR;rr/2Z2(O> - z1(0)>. Then, the indistinguishable initial condition

in the beacon’s position is given by

IB(O) = lmR;rr/ZR¢022<0)7
= lmRIﬂRwoSﬁ?
= IS, (2.37)

where s, = RI/2R¢OSB with v := f + v +7/2 and v € [0,27). And for the position

p(0) = Ry, (InR; 1222(0) — 21(0)) ,
= lms"/ - R¢OZ1<O)7
= I8, — 7d(0),
="p(0) — (*b(0) — lns,) . (2.38)

Figure 6 shows the geometrical interpretation of the set (2.29).

The observability conditions given by the proposition 2, establish the set of indistin-
guishable initial conditions when the beacon and vehicle initial positions are unknown.
The following corollary states the observability properties when it is possible to known
the beacon’s initial position.

Corollary 1. Suppose that the initial condition of the beacon is known. Then the

system is observable.

Proof. Suppose that the initial conditions of the beacon are known, that is, Tb(0) =
Ib(0). Using this in (2.38) implies that Zp(0) = Zp(0). Consequently, Z(p(0)) = {p(0)}
and the system is observable. This completes the proof. O
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Figure 6: Geometric interpretation of indistinguishable initial conditions for the
VCBN condition without taking into account ocean currents. Notice that the set of
the indistinguishable initial conditions for the vehicle’s position is given by a circle

centered in Zp(0) — Zb(0).

2.5.2.  Vehicle moving in straight lines

In the previous sections, the observability analysis was carried out assuming that the
vehicle was moving forward and rotating at the same time. Here, the observability of
the system is analyzed assuming that the vehicle is moving in straight lines, that is,

r =0 and ||®v|| # 0, while beacon can be rotating or not.

First, we analyze the observability conditions when the beacon is not moving. The
following proposition states the observability properties of the system assuming that
the beacon does not move and the vehicle is moving in straight lines.

Proposition 3 (VLBN). Consider system (2.23) with u € R?* fulfilling assumption 4.

Further, suppose that the vehicle moves in straight lines, that is,
[[Bv|| # 0 and r = 0, (2.39)
and the beacon does not move ((2.28) holds). Then, the system (2.23) with the con-

straints in the initial conditions (2.24) is not weakly observable. Moreover, for every

49



z(0) € R, the set of all indistinguishable initial conditions denoted by I(z(0)) is given
by

I(2(0)) = { 2(0), o , (2.40)

4 7

where sg : [0,27) + S' is the map described by sg := [cos B sin ], sg = RI/Zs/g and
7 € {0,-22,(0) "BvH/| [Py}

Proof. Consider the initial condition z(0) € R? and let u € R* be such that is con-
stant. Since the input is known and constant, (2.23) is an LTI system. Taking into
account (2.28), the first two rows of the observability matrix associated with the sys-
tem (2.23) are calculated by

0 00100
0= 2.41
—25v" 0 0 0 0 0 (241)

and the following rows can be computed as CA’ = 0 for j € {2,3,...}. Since the rank
of (2.30) is 2, then the kernel of O is given by

Byt 0 0 0 O

A% 00
0O e e 0 O OO
ker(O) = 0 0 0 ee 00 (2.42)
6 0 0 0 0 0O
0O 0 0 0 0 1 0
0 0 0 0 0 01

Notice that the linear subspace generated by the ker(Q) is of 7*" order and there are only
five constraints in the initial conditions (2.24). Therefore, the unobservable subspace
will depend on two free parameters, which implies that the set of indistinguishable initial
conditions is given by a continuous of points and, hence, the system is not observable. To
characterize this set, recall that all initial conditions of the form z(0) = z(0) 4+ ker(O)«x
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T

with a = [ay, a, a3, au, a5, ag, 7] T € R, are indistinguishable from zy. Then

71(0) 2,(0) + a,Bvt]

7Z(0) z5(0) + g

z3(0) _ z3(0) + oy (2.43)
Z4(0) 24(0) 7

z5(0) 25(0) + o

Z6(0) | 26(0) + a7

where o, = [, 3] € R? and oy, = [y, 5] € R2. Recall that the initial conditions

should satisfy the constraints given by (2.24). Since z, := R W™ (z2), then
z, (0)z2(0) = 1,

o, = —22(0) + sg, (2.44)
where sz = [cos 3,sin 8]T with 8 € [0,27). From the relation between z,(0) and z3(0)
in (2.24) and using (2.32), it can be concluded that ay, = R;zaa Now, from (2.24)

2(0) = z(0),
Z1 (0)21(0) = z{ (0)z1(0),
(21(0) + a1 Bvh) " (21(0) + nBvh) = 2] (0)24(0),
a1(2z] (0)5v* 4+ oy |[Pv|[*) = 0. (2.45)
Here, either a; = 0 or a; = —2z] (0)5v1/||Bv||%2. Moreover, it is possible to obtain «g

from the relation of z5(0) in (2.24) given by
Z5(0) = 25(0) + a,
(le(O) + alelT> sg = 25(0) + ag,
ag = —25(0) + 2z, (0)s5 + algvlTSB. (2.46)
Following the same procedure for oy, it follows that

ar = —26(0) +z{ (0)sy + aleLng. (2.47)

Finally, the set of indistinguishable initial conditions is given by
z(0)] [ z(0)+q5v
(0) Sp
(0) ]
24(0) 24(0)
(0) 21 (0)sg + v sy
0)] 2] ()5 +5v-Tsh]
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with v € {0, —2z{ (0)5v1/||Bv||?}. This completes the proof. O

The observability conditions given by the proposition 3, establish the set of indistin-
guishable initial conditions when the beacon and the vehicle are unknown. The following
corollary states the observability properties when the information of the beacon’s initial
position is known.

Corollary 2. Suppose that the initial condition of the beacon is known, then, the system

18 weakly observable.

Proof. Since the beacon’s initial position is known, that is Zb(0) = Zb(0), it implies that
Z2(0) = z5(0) and, hence, o, = o, = 0. Moreover, using the fact that z,(0) = 24(0), it
can be obtained that a; € {0, -2z, (0)5v+/[|Pv||?}. Additionally, it also implies that
ag = a, v 25(0) and a7 = ay v 25(0). Therefore, the set of indistinguishable initial

conditions denoted by Z(z(0)) is given by

( r BVJ‘ T )
0
ZT BVL
Z(z(0)) = z(O),z(O)—Q% g : (2.48)
ByLT2,(0)
| _BVLng(O)_ )

Notice that this set consists of only two isolated points, then it can be concluded that

the system is weakly observable. This completes the proof. O]

Notice that the observability properties stated in proposition 3 and corollary 2, both
assume that the beacon does not move. While in the first, the set of indistinguishable
initial conditions was a continuous of points, by knowing the initial conditions of the
beacon, we could reduce it to just two points. It would be expected that by moving the
beacon, a richer trajectory will be generated. Indeed, that is the case and the following
proposition states the observability properties of the system assuming that the beacon
rotates and the vehicle moves in straight lines.

Proposition 4 (VLBR). Consider the system (2.23) with u € R* fulfilling assump-
tion 4. Further, suppose that the vehicle moves in straight lines (that is , (2.39) holds)
and the beacon rotates (that is, (2.26) holds). Then, the system (2.23) with the con-

straints in the initial conditions (2.24) is observable.
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Proof. Consider the initial condition z(0) € R? and let u € R* be constant. Since the
input is known and constant, (2.23) is an LTI system. Taking into account (2.26) and
(2.39), the first six rows of the observability matrix associated with the system (2.23)
are given by

[0 0 0 10 0 ]
— 2By T 0 0 0 2l,wn 0
0 — Al BT 0 0 0 —2l,,w?
0= om Y “m (2.49)
0 0 6l,w2Bvl 0 —2l,w3 0
0 8nwmBv T 0 0 0 2wl
0 0 —100,,wiBvT 0 20,wd, 0
and the following rows can be computed as CA7 = —w? (2CA7™2 + w2 C A1) for

j € {6,7,8,...}. Since the rank of (2.49) is 6, then the kernel O of the observability

matrix is given by

€L

ker(0) = (2.50)

o o o o o <
o o o € o o

o o o O < ©

Recall that unobservable space is given by all initial conditions of the form z(0) =
z(0) + ker(O)a with ae = [, ap, 3] T € R?, are indistinguishable from zy. Then

[ ] -zl(O) + apBvt]
22(0) + arPv*

)
)
By, L
0)) _ (20 Fasivry (2.51)
)
)

Moreover, since the initial conditions should satisfy the constraint given by (2.24), then

z3(0) = RIQZQ(O), implies that a3®vt — a,Pv = 0. Since both vectors (v and Bv)
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are orthogonal, then ay = ag = 0. From the relation z;(0) = 25(0), it follows that

(zl(O) + alBVL)T 25(0) = 2, (0)25(0),
azg (0)Pv =0,
ai[|zg (0)]] |[Fv*|[ cos 8 = 0,

ajcosf =0, (2.52)

where @ is the angle between z, (0) and 8v+. Following the same procedure for Z5(0) =

z(0), leads to the same equation (2.52). Then a; = 0 or z, (0) L Bvt. Since a; =

ay = a3z = 0, then z(0) = z(0) and the system is observable. This completes the proof.
[

Remark 2. Notice, that if the system without the knowledge of the beacon’s initial con-
dition s observable, then the system will be observable with the additional information

of the beacon’s position.

2.5.3. Vehicle does not move

In the previous sections, the observability analysis was carried out assuming that the
vehicle was moving forward but without rotation. Here, the observability of the system
will be analyzed assuming that the vehicle does not move, that is [|[Pv|| = 0, while

beacon can be rotating or not.

The case when both are not moving is trivial. Since neither the vehicle nor the beacon
are generating richer trajectories, the system will not be observable. Therefore the
observability analysis in this section is carried out by assuming that the beacon rotates.
For more information related with the observability analysis when the beacon is not

rotating, see Appendix A.2. for more information.

The following proposition states the observability properties of the system assuming
that the beacon rotates and the vehicle does not move.
Proposition 5 (VNBR). Consider the system (2.23) with u € R* fulfilling assump-

tion 4. Further, suppose that the vehicle does not move, that is,

1%v]] = 0; (2.53)
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and the beacon rotates (that is, (2.26) hold). Then, the system (2.23) with the con-
straints in the initial conditions (2.24) is not observable. Moreover, for every z(0) € R?,

the set of all indistinguishable initial conditions, denoted as Z(z(0)), is given by

B T )

31121(0) + 22(0)||sq + 5/|21(0) — 22(0)[s5
31121 (0) + 22(0)][s0 — 5121(0) — 22(0)Is5

41121(0) + 22(0) s — 3/121(0) — z2(0)] s (2.54)

\ L I

€1

T
y = RW/QSW and

where s, : [0,27) — S' is the map described by s., := [cosvy siny]', s

.
_ -1 z1(0)+22(0) z1(0)—22(0)
= C08 (<|zl(o)+zg(o>|) (nzl(o)—m(mn)) +5.

Proof. Consider the initial condition z(0) € R? and let u € R* be constant. Since
the input is known and constant, (2.23) becomes in an LTT system. Moreover, since
the vehicle does not move (||Pv|| = 0), the first three rows of the observability matrix

associated with the system (2.23) are given by

0001 0 0
O=1000 0 2w, O (2.55)
0000 0 —2,w

and the following rows can be computed as CAY = —w? (CA72) for j € {3,4,5,...}.
Notice, that the rank of (2.55) is 3, then the kernel of the observability matrix O is
given by

ez e, 0 0 0 O]

0 0 e e 0 O
00 0 0 e
ker(©) = | o % (By (2.56)
00 0 0 0 0
000 0 0 0 0

Recall that the unobservable space is given by all initial conditions of the form z(0) =

2(0) +ker(O)a with o = [ay, (o, i3, g, 05, o] € RS, which are indistinguishable from
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z(0). Then

z1(0) z1(0) + o,
7Z2(0) z2(0) + oy,
%3(0) _|2300) + e ’ (2.57)
4(0) 24(0)
Z5(0) 25(0)
z6(0)] | 2(0) |
where a, = [ay, 0], ap = [asz,a4]", and a. := [a5,a6]". Recall that the initial
conditions should satisfy the constraints given by (2.24). Since zy = R w (z2),

then a, fulfills the equation ||ay + z2(0)||*> = 1. From the relation between z,(0) and
z3(0) in (2.24) and using (2.57), it can be concluded that o, = RI/Qab. Further,
since z;(0) = 24(0) and z5(0) = 25(0), it follows that ||a, + z1(0)||> = ||z1(0)||* and
alay + alz:(0) + a) z,(0) = 0 respectively. Gathering all three equations, we have
that

lleta + 21 (0)[* = [z (0)| %,

||y, + 22(0)|]*> = 1, (2.58)

o) ay+alz,(0) + ol 2,(0) = 0.

Notice that the are four variables (o, and «;) but just three equations, therefore
the solution of (2.58) has one free parameter, which implies that the system is not
observable. Moreover, the solution of (2.58) (To see the details in the procedure, go to

Appendix A.3.) is given by

o = =(0) + 3 17(0) + 72(0) s + 5]174(0) = 22(0) s,

1

? (2.59)
= —25(0) + 5[121(0) +22(0)[sa — 5[121(0) — 22(0)]Isg,

.
_ -1 2z1(0)+22(0) 2z1(0)—2z2(0)
where § € [0, 2m) and a = cos (<||zl(0>+z2<o>||> <||z1(0>—zQ<o>|>) +5.

Then, the set of indistinguishable initial conditions is described by

2(0)] [ 4112(0) + 22(0) 150 + 411z (0) — 2(0) s
2(0)| | 212 (0) + 2a(0)][se — 4[]z (0) — za(0)] s
2:(0)| _ | ll21(0) + 22(0) s — 3]} (0) — 2 (0)]|s?
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-
with 8 € [0,27) and a = cos™! (( 21(0)+22(0) ) ( zl(o)“m;”)) + . This completes

[z1(0)+22(0)]] [z1(0)—22(0
the proof. 0

The observability conditions, given by the proposition 5, establish the set of indistin-
guishable initial conditions when the beacon and vehicle initial positions are unknown.
The following corollary, states the observability properties when the initial position of
the beacon is known a priori.

Corollary 3. Suppose that the initial condition of the beacon is known. Then, the

system 1s observable.

Proof. Since the beacon’s initial position is known, that is Zb(0) = Zb(0), it implies
that z5(0) = 2z2(0) and z3(0) = z3(0); and hence oy, = a. = 0. Since z5(0) = 2;5(0) and
z6(0) = z5(0), it implies that «, z9(0) = 0 and ) z3(0) = 0. Since zy(0) L z3(0), it
implies that a, = 0. Then, the set of indistinguishable initial conditions is given by
Z(z(0)) = {z(0)} and the system is observable. This completes the proof. O

2.5.4. Simulation Results

To illustrate the different sets of indistinguishable initial conditions, three examples

TM.
b

have been implemented in Matla which is a high-performance language developed

by MathWorks. This section presents the simulations results for different conditions:

e Scenario 1: the vehicle moves in circles and the beacon does not move. This cor-
responds to Proposition 2. Notice that in this case, there is a continuous of points
that are indistinguishable between them. The initial position and orientation of
the vehicle are Zp(0) = [10,5]" m and 1(0) = 7/4, respectively. The manipulator’s
length is set to [, = 2 m and the initial angle to x(0) = 7/3, which implies that
IH(0) = [1.00,1.73]" m. The linear and angular velocity of the vehicle are given by
Bv =12.1,0.3]" m/s and r = 0.2 rad/s, respectively. The beacon does not move,
that is, w,,, = 0 rad/s. Recall that the set of indistinguishable initial conditions in
the original coordinate frame is given by the equations (2.37) and (2.38). Then, by
choosing for example v = x(0) + 7/2, a pair of indistinguishable initial conditions
is given by Zb(0) = [~1.73,1.00] " m and Zp(0) = [7.26,4.26] " m.

Simulation results are shown in Figure 7. Figure 7(a) shows two different
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North [m]

initial conditions that are indistinguishable. Although the initial conditions are

different, the output trajectory is the same (see Figure 7(b)). Furthermore, once

the beacon’s position is known, the dashed black circle disappear and the system

is observable (as it was proved in Corollary 1).
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Figure 7: Simulation results for two different initial conditions in VCBN scenario

without taking into account ocean currents. Every initial condition in the black

dashed line will be indistinguishable.

Scenario 2: the vehicle moves in straight lines and the beacon does not rotate.

Nevertheless, the beacon’s position is known a

priori. This corresponds to Corol-

lary ??. For this particular case, there are just two isolated points given by (2.48).

Applying a state transformation to recover the state in the original coordinate

frame, it yields

b(0) — Ry 2:1(0),

Byl By LT
= Ib(O) — RQJJO (_[2 — 2w> Zl(O),
; Byl By LT ;

In this case, the initial position and orientation of the vehicle are Zp(0) =

[5,10]T m and 9(0) = 0, respectively. The manipulator’s length and initial angle
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are the same that in the first scenario, which implies that Zb(0) = [1.00,1.73]".
The linear velocity of the vehicle is given by v = [2.1,0]" m/s. The angular rate
of the vehicle and beacon were set up to zero, that is, » = 0 and w,, = 0 rad/s.
Once the velocity is set up, the other indistinguishable initial condition is given
by Zp(0) = [5.00, —6.54] " m, which fulfills the condition (2.60). Simulation results
are shown in Figure 8. Figure 7(a) shows two different initial conditions that
are indistinguishable. Although the initial conditions are different, the output
trajectory is the same (see Figure 8(b)). Since these point are isolated, the system

is weakly observable.

15! 18
l i
il i __16¢
101 D l =
E fl fl a4t
_ N
= il i J:
Z 5 £l
—— Trajectory 1 !n
——Trajectory 2 10+
oLl ° Initial position /.
s Final position
I I I | 8 I I I
-10 -5 0 5 10 15 0 5 10 15
East [m)] t[s]

Figure 8: Simulation results for two different initial conditions in VLBN scenario
without taking into account ocean currents. The beacon’s initial position is known,

therefore there just two isolated indistinguishable initial conditions.

e Scenario 3: the vehicle moves in straight lines and the beacon does not move at

the begining, with the same inputs and initial conditions of the previous scenario.

At t = 10 s, the beacon starts moving with angular velocity w,, = 0.3 rad/s, while

the vehicle does not change its trajectory. The key idea behind this example is to

illustrate how by moving the beacon, the two indistinguishable trajectories go in
different directions, allowing one to distinguish between both initial conditions.

Simulation results are shown in Figure 9. Figure 9(a) shows two different

initial conditions of the vehicle that are indistinguishable since the beacon is not

moving. Once the beacon starts moving at ¢ = 10 s, both trajectories become
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Figure 9: Simulation results for a combination of trajectories without taking into
account ocean currents. The beacon’s initial position is known, therefore there just
two isolated indistinguishable initial conditions. Once the beacon start moving both

trajectories can be distinguish and hence the two initial conditions.

distinguishable between them (see Figure 9(b)).

2.6. OBSERVABILITY ANALYSIS WITH OCEAN CURRENT

Up to this point, the observability analysis was carried without taking into account a
model for the ocean currents affecting the vehicle. Now, consider the system (2.11),
and using the information of the depth for the vehicle and beacon, the system (2.11)

can be rewritten in 2D as

)
)
) = Lnwmw (x(1)) : (2.61)
)
)




where Zp, Bv, Iv., Tb € R?, ZR € SO(2), and the vectors w (-) and w= (-) are properly
redefined in R?. Using the same approach described by Figure 5, first the system will be
expressed in the B-frame. Taking the time derivative of (2.19) and using the relations

in (2.61), it is possible to describe the system in the {B} as follows

B4 = —S(r)8d — Bv + Lnwm Ry W (x) — Pve. (2.62)

B

Additionally, since v, = Rlzvc, then, the time derivative of the current is given by

Bv. = —S(r)Pv.. (2.63)

To summarize, the system is completely described in the {B}-frame by the following

set of equations

Bd = —5(r)8d — Bv + lmmele (x) — Bv.
Bv. = —S(r)Pv. , (2.64)

with state variable x = [5d,Bv,, x]" € R* x [0,27). The output equation is given by

4, ="d""d. (2.65)

Tz

Notice that the next step in Figure 5, is to apply a state augmentation to transform the
system into a linear one with respect to the state variables. To that end, let us define
the following state-space augmentation z := [z, 2z, Z3, 24, 25, 26, 27, 28, 29, 210, 211] ‘=
54, Bv,, ’RiwL (x) ,RI/QZ;),, 2| 71,2] 29,2, 23,2 24,75 Zo, %9 Z3,Zy Z4]. 'Then, the sys-
tem (2.64) can be transformed into a linear one (for a detailed step by step of this pro-
cedure, see Appendix A.4.) with state variable z € R, input vector u = [®v ', w,,,r] €
R*, and output y € R as

z=A(u)z + Bu} (2.66)

y=0Cz

where
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and the initial conditions satisfying

z1(0) 54(0)
75(0) By.(0)
20| |Riw ((0)
z4(0) R 1 /223(0)
25(0) 2z1(0)"z,(0)
z(0) | == | 21(0)"22(0) (2.67)
z7(0) z1(0) "z3(0)
23(0) 21(0) "24(0)
29(0) 25(0) "z5(0)
210(0) 75(0) "z3(0)
211(0) 75(0) "z4(0)

Based on assumption 4, system (2.66) can be analyzed as an LTI system, since A(u)
is constant and known. Further, recall that the observability analysis is carried out for

the class of maneuvers generated by assumption 4.

2.6.1. Vehicle moving in circles

Here, the observability of the system is analyzed assuming that the vehicle is moving in
circles, that is, 7 # 0 and ||Pv|| # 0, while the beacon can be rotating or not. First, we
will establish the observability properties of the system (2.66) given that the beacon is
rotating.

Proposition 6. Consider system (2.66) with u € R* fulfilling assumption 4. Further,

suppose that the vehicle moves in circles, that is,
PVl # 0,7 #0, (2.68)
and the beacon rotates with angular rate
W # 0 # +r £ £2r # j:%r. (2.69)

Then, the system (2.66) is observable.

Proof. Consider the initial condition z(0) € R' and let u € R* be constant. Since

the input is known and constant, (2.66) is an LTI system. The observability matrix
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associated with the system (2.66) is defined by O = [C,CA,...,CA™ T with n €
{1,2,..,15} and the determinant is given by

det(O) = —1048576r8w°18 ||Pv|[6(r? — w2)'P(r? — 4w? ) (4r? — W2 )™

m

Note that if (2.68) and (2.69) hold, then det(OQ) # 0, which implies that the observ-
ability matrix is full rank and therefore system (2.66) is observable. This completes the

proof. O

Notice that by rotating the beacon and moving the vehicle in circles, the system is
observable. Now, since there are constraints in the initial conditions, it is important to
analyze the observability properties of the system given (2.68) or (2.69) do not hold.
For instance, the following proposition establishes it when the beacon is not rotating,
that is, w,, = 0.
Proposition 7. Consider system (2.66) with u € R* fulfilling assumption 4. Further,
suppose that the vehicle moves in circles ((2.68) holds) and the beacon does not move,
that s,

wm = 0. (2.70)
Then, the system (2.66) with the constraints in the initial conditions (2.67) is not
observable. Moreover, for every z(0) € RY?, the set of all indistinguishable initial con-
ditions denoted by Z(z(0)) is given by

Z(z(0)) = < z(0), | 2(0) ; (2.71)

\ _Z2T<O)Sé__

where sg : [0,27) — S is the map described by sz := [cos 3 sin 3

7
|T and sz = R;rr/256.

Proof. Consider the initial condition z(0) € R' and let u € R* be constant. Since
the input is known and constant, (2.66) is an LTI system. Taking into account (2.70),
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the first seven rows of the observability matrix associated with the system (2.66) is

calculated as

0 0 00 —05000 0 00
By T 0 00 0O 100 0 00O
rBvtt —2B8yT 00 0 000 —-100
O=-2|—-p28yT _3Bvt" 00 0 000 0 00 (2.72)
—3BylT  42ByT 000 0 000 0 00
MByT 538yt 000 0 000 0 00
| SEET 6t BvT 000 0 000 0 00

and the following rows can be computed as CA7 = —r? (204772 — r2C A1) for j €
{7,8,9,...}. Since the rank of (2.30) is 7, then the kernel of O is given by

0 0 00O 0OOOO
0 0 00 0OOO
ez e 0 0 00 0O
0 0 e, e, 0 0 0 0
000 0 00000
ker(@)=1{0 0 0 0 0 0 0 0 (2.73)
000 0 0 1000
000 0 00100
000 0 00000
000 0 00010
0 0 0 0 000 1]

Recall that the unobservable space is given by all initial conditions that generate the

same input-output map. Therefore, all initial conditions of the form z(0) = z(0) +
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ker(O)a with a = [ay, ..., ag] " € R8, are indistinguishable from z,. Then

Z1<0)
z5(0)
Z3 (0) + a,

|
ot
A~ Y~ Y~ N~~~ —~
o o O O
R e e s
N
ot
—~
o
~—

=)

z6(0) | = 26(0) , (2.74)
Z7(0 27(0) + as
zz(0 25(0) + ag
Zo(0 29(0)
Z10(0) 210(0) + a7
| Z11(0) | | 211(0) + o
where o, = [a1, )" and @ = [a3,a4]". Recall that the initial conditions should

satisfy the constraints given by (2.67). Since z3 := R, w™ (x), then
25 (0)23(0) = 1,
et +23(0)[]* = 1,
o, = —23(0) + sg, (2.75)

where sg := [cos 3,sin 8]T with 8 € [0,27). From the relation between z3(0) and z4(0)
in (2.67) and using (2.74), it can be concluded that

24(0) = RI/223(0)7
z4(0) + ap = RI/Q (z3(0) + )
oy = RI/Qaa. (2.76)
Moreover, using the fact that z7(0) := 2,(0)"z3(0) and zg(0) := 2,(0)"z4(0) in (2.74),

it is possible to obtain as and ag, thus
z, (0)z3(0) = 2, (0)z5(0) + as,
2, (0) (25(0) + cva) = 2/ (0)23(0) + as,
as = 2z, (0)a, (2.77)

and

(0)cy. (2.78)
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Following the same procedure, and the relations z9(0) := z5(0) "z3(0) and z,(0) :=
75(0)"24(0) in (2.74), it implies that a; = z, (0)a, and ag = z, (0)a,. Hence, the set
of indistinguishable initial conditions are given by

71(0 z1(0)
Zo(0 z5(0)
z3(0 Sg
Z4(0 S5

N
t
[an)
N
ot
~—~
o)

6

Z7(0 z; (0)ss

Zs(0 z] (0)s5
Zo(0 29(0)

Z10(0) z5 (0)sp

1Z11(0)] 29 (0)s5

This implies that the set of indistinguishable initial conditions from z(0) € R is a
continuous of points parametrized by a free parameter 5 and described by (2.71). Thus

the system is not observable. This completes the proof. O

Corollary 4. Suppose that the initial condition of the beacon is known. Then the

system is observable.

Proof. Suppose that the initial condition of the beacon is known, that is, Zb(0) = Zb(0).
which implies that z5(0) = z5(0) and z3(0) = z3(0). The last conditions imply that
a, = 0 and oy, = 0, and therefore a; = g = a7 = ag = 0. Consequently, Z(z(0)) =

{z(0)} and the system is observable. This completes the proof. O

2.6.2.  Vehicle moving in straight lines

In the previous sections, the observability analysis was carried out assuming that the
vehicle was moving forward and rotating at the same time. Here, the observability of
the system will be analyzed assuming that the vehicle is moving in straight lines, that
is, 7 =0 and ||Pv|| # 0.

Based on the results of the previous sections, when the observability properties were
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established for the system without currents, we are only interested in knowing if the ob-
servability properties are maintained with the inclusion of the new state (ocean current
velocity). In the case when the beacon is not rotating, it is expected that the system
will not be observable (without knowing the initial position of the beacon) or weakly
observable (knowing the initial position of the beacon). Additionally, for the rest of the

analysis, it is assumed that the initial position of the beacon is known.

Therefore, the following proposition states the observability properties of the system
assuming that the beacon rotates and the vehicle is going in straight lines.

Proposition 8. Consider the system (2.66) with u € R* fulfilling assumption 4. Fur-
ther, suppose that the vehicle moves in straight lines (that is , r = 0 and ||Pv|| # 0)
and the beacon rotates (that is, w,, # 0). Additionally, that the initial beacon’s position
is known. Then, the system (2.66) with the constraints in the initial conditions (2.67)

18 observable.

Proof. Consider the initial condition z(0) € R and let u € R* be constant. Since the
input is known and constant, (2.66) is an LTI system. Then, the first seven rows of the

observability matrix are given by

[ 0 0 0 0 —05 0
By T 0 0 0 0 1
0 28vT 20w, BvT 0 0 O
O=-2|0 0 0 —3l,w2Bvl 0 0
0 0 — 4l w? By 0 0 0
0o 0 0 5Lt ByT 00
0 0 6l,,w? Bv' 0 0 0
- _ (2.79)
0 0
—lwm 0 0
0 Law2 =1 2lL,.wn, 0
w3, 0 0 0 =3l w2,
0 lpwl 0 —dl,w 0
o 0 0 0 Bl
0 IS 0 —6l,w 0 |
and the following rows can be computed as CA/ = —w? (204772 — w2 CAT™) for
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j €47,8,9,...}. Since the rank of (2.79) is 7, then the kernel of O is given by
Byl 0 0 0 —e, 0 0 0 |
0 5+t o0 o0 0 —e, 0 0
0 0 Bvt o0 0 0 —e, 0
0 0 0 Byt 0 0 0 —e,
O 0 0 0 0 0 0 0
ker(O)=1 0 0 0 0 ByTe, 0 0 0 (2.80)
O 0 0 0 0 0 0 0
O 0 0 0 0 0 0 0
O 0 0 0 0 25vle, 0 0
O 0 0 0 0 0 ByTe, 0
0 0 0 0 0 0 0 Bv'le,]

Recall that the unobservable space is given by all initial conditions that generate the
same input-output map. Therefore, all initial conditions of the form z(0) = z(0) +

ker(O)a with a = [y, ..., ag] " € R, are indistinguishable from zy. Then

z1(0 21(0) + a1 Bvt — ase,
Zo(0 25(0) + aBvt — age,
z3(0 z3(0) + asBvt — aze,
Z4(0 24(0) + asBvt — age,

(0)
(0)
(0)
(0)
z5(0) 25(0)
(0)
(0)
(0)
(0)

%(0) | = 2(0) + asBv e, : (2.81)
Z7(0 27(0)

Z:(0 25(0)

Z9(0 29(0) + 2a65v e,

Z10(0) 210(0) + a7PvTe,

z11(0) 211(0) + agPv e,

Notice that the initial conditions should satisfy the constraints given by (2.67). Since
the initial beacon’s position is known, then z3(0) = z3(0) and z2(0) = 22(0). Using the
fact that z5(0) := z/ (0)z,(0) and defining v, := a;5v% — ase,, then it is possible to
obtain a relation for o, given by
71 (0)2:(0) = z5(0),
lea + 21 (0)][* = |21 (0)] %,
aq = —21(0) + [|z1(0)][ss, (2.82)
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where sz := [cos B,sin 8] with 8 € [0,27). Moreover, using the relation z;(0) :=
z; (0)z3(0) and the value of «, in (2.81), it leads to

z7(0) = 2, (0)23(0),
27(0) = (21(0) + ata) " 3(0),
(=21(0) + ||21(0)lls) "25(0) = 0,
21(0) " 25(0) = ||21(0)|ls325(0), (2.83)

which implies that 5 = Zz,(0). Since 5 has the same angle as z,(0), then equation (2.82)
implies that e, = 0. Hence 2z;(0) = z;(0). Recall that ®v*+ =R, xPv = [—v,,u,] .

e First, suppose that u, = 0. Then, equation (2.81) implies that Z5(0) = 24(0),
Z9(0) = 29(0), Z10(0) = 210(0), and Zz11(0) = 211(0).

e Now, suppose that u, # 0. Since a, = 0, it implies that o, Pv
turn implies a1 = a5 = 0 and Z(0) = z6(0). Further, z3(0) = z3(0) and z4(0) =
z4(0) implies a3 = ay = a7 = ag = 0, which further implies that z;0(0) = 210(0)
and Z11(0) = z11(0).

L+ = ase,, which in

Defining o, := ay®vt — age, and using z10(0) = 210(0) and z;(0) = 211(0), it implies

o, z3(0) = 0 and ;) z4(0) = 0, respectively. Since z3(0) L z4(0), then a = 0, which
implies z5(0) = z2(0). In other words, Z(z(0)) = {z(0)} and hence the system is
observable. O

2.6.3. Vehicle does not move

In the previous sections, the observability analysis was carried out assuming that the
vehicle was moving forward but without rotation. Here, the observability of the system
will be analyzed assuming that the vehicle does not move, that is ||Pv|| = 0. From
the observability analysis carried out in the previous sections, where the currents were
not taken into account, the only case where the system was observable was when the

beacon rotates and its initial position was known (Corollary 3).

Therefore, the following proposition states the observability properties of the system
assuming that the beacon rotates and the vehicle is not moving.

Proposition 9. Consider the system (2.66) with u € R* fulfilling assumption 4. Fur-
ther, suppose that the vehicle does not move (that is ||Pv|| = 0), the beacon rotates (that
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is Wy, # 0) and the initial beacon’s position is known. Then, the system (2.66) with the

constraints in the initial conditions (2.67) is observable.

Proof. Consider the initial condition z(0) € R'® and let u € R* be constant. Since the
input is known and constant, (2.66) is an LTI system. Then, the first seven rows of the

observability matrix are given by

0 00 0 —-050 0 0
0000 0 1 —lywn 0 0
0000 0 0 0  Iw? -1 2w 0
O=-2(0 000 0 0 ILw 0 0 0 —3lw? | (2.84)

0000 0 0 0 I 0 4l 0
0000 0 0 o’ O 0 0 St
0000 0 0 0  ILws 0 6Ll 0 |

and the following rows can be computed as CA? = —w? (2CAT™2 — w2 CAI~*) for

j €47,8,9,...}. Since the rank of (2.84) is 7, then the kernel of O is given by

e, e, 0 0 0 0 O O]
0 0 e, e, 0 0 0 O
0 0 0 0 e, e, 0 O
0 0 00 0 0 e e,
00 000 0 0 0
ker(@O)=0 0 0 0 0 0O 0O O (2.85)
0O 0 000 0 0 0
00 000 0 0 0
0O 0 000 0 0 0
0O 0 00O 0 0 0 0
(00 000 0 0 0]

Recall that the unobservable space is given by all initial conditions that generate the

same input-output map. Therefore, all initial conditions of the form z(0) = z(0) +
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ker(O)a with a = [ay, ..., ag] " € R8, are indistinguishable from z,. Then

[7,(0)]  [21(0) + g
Z2(0) z2(0) + o
z3(0) z3(0) + o
z4(0) z4(0) + oy
Z5(0) z5(0)
Z(0) | = 26(0) : (2.86)
Z7(0) z7(0)
%(0) zs(0)
Zy(0) 29(0)
Z10(0) 210(0)
zu(0)] [ au(0)
where o, = [ay, 0], ap = [a3, 04", a. = [as5,a6]", and ag = [a7,ag]". Since the

initial beacon’s position is known, then z3(0) = z3(0) and z4(0) = z4(0), which implies
that a. = ag = 0. Using 27(0) = z] (0)z3(0) and 23(0) = z{ (0)z4(0) in (2.86), it
implies ] z3(0) = 0 and o) z,4(0) = 0, respectively. Since z3(0) L z4(0), then o, = 0.
Consequently, the same analysis can be applied to 210(0) and 21(0), and find that
a, = 0. Hence, z1(0) = z1(0) and z5(0) = 22(0). In other words, Z(z(0)) = {z(0)} and

hence the system is observable. O

2.6.4. Simulation Results

To illustrate some of the conditions found in the previous section, two examples have
been implemented in Matlab™. This section presents the simulations results for dif-

ferent conditions in the system:

e Scenario 1: the vehicle moves in circles and the beacon does not move. This
corresponds to Proposition 7. Notice that in this case, there are a continuous of
points that are indistinguishable between them. The initial position and orien-
tation of the vehicle are Zp(0) = [10,5]" m and (0) = 7/4, respectively. The
manipulator’s length is set to [,, = 2 m and the initial angle to x(0) = m/3,
which implies that Zb(0) = [1.00,1.73]" m. The linear and angular velocity of the
vehicle are given by v = [2.1,0.3]T m/s and r = 0.2 rad/s, respectively. The

beacon does not move, that is, w,, = 0 rad/s. The initial ocean current velocity is

72



North [m]

Tv.(0) = [0.2,0.35]" m/s. Recall that the set of indistinguishable initial conditions
is given by the equation (2.71). Then, by choosing a particular value of 3, a pair
of indistinguishable initial conditions are given by Tb(0) = [~1.73,1.00]T m and
Ip(0) = [7.26,4.26]" m. Notice that equation (2.71) implies that Zv.(0) = Zv.(0).

The simulation results are shown in Figure 10. Figure 10(a) shows two different
initial conditions that are indistinguishable. Although the initial conditions are
different, the output trajectory is the same (see Figure 10(b)). Furthermore, once
the beacon’s position is known, the dashed black circle disappear and the system

is observable (as it was proofed in Corollary 4).
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Figure 10: Simulation results for two different initial conditions in VCBN scenario and

taking into account ocean currents. Every initial condition in the black dashed line

will be indistinguishable.

Scenario 2: the vehicle moves in straight lines and the beacon does not move at
the beginning with the same inputs and different initial conditions. At ¢ = 10 s,
the beacon starts moving with angular velocity w,, = 0.3 rad/s, while the vehicle
does not change its trajectory. The key idea behind this example is to illustrate
how by moving the beacon the two indistinguishable trajectories go in different
directions, allowing one to distinguish between both initial conditions.

The simulation results are shown in Figure 11. Figure 11(a) shows two different
initial conditions of the vehicle that are indistinguishable since the beacon is not
moving. Once the beacon starts moving at ¢ = 10 s, both trajectories become
distinguishable between them (see Figure 11(b)).
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Figure 11: Simulation results for a combination of trajectories and taking into account

ocean currents. The beacon’s initial position is known, therefore there just two

isolated indistinguishable initial conditions. Once the beacon starts moving both

trajectories can be distinguished and, hence, the two initial conditions.
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2.7. CONCLUDING REMARKS

We addressed the observability conditions for the localization problem of the vehicle and
the beacon. The vehicle is equipped with inertial sensors, a Doppler velocity log and
an acoustic ranging device to obtain the relative measure to a mobile beacon installed
under the hull of a support vessel. We addressed the problem with and without taking
into account the ocean current as a new state variable of the system. When the position
of the beacon is known, we proved that by moving the beacon under certain conditions,

it was possible to ensure the observability of the system all the times.
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3. OBSERVER DESIGN

3.1. INTRODUCTION

This chapter presents different methodologies to solve the problem of state observer
design. The objective of an state observer is to estimate the unknown state of the
system through output measurements and the knowledge of the inputs applied to the
system. First, we use the Extended Kalman Filter (EKF) to estimate the vehicle’s and
beacon’s position, as well as, the ocean current velocity. Then, we use a variation of
the Kalman Filter known as Exogenous Kalman Filter (XKF), which provides better
performance since it is globally convergent and deals with the noise in its original
reference frame. This Chapter only presents the state observer design for the system
taking into account the unknown ocean currents. For more information regarding the

observer design when currents are not taken into account, refer to Appendix B.

3.2. EXTENDED KALMAN FILTER CONSIDERING OCEAN CUR-
RENTS

In this section we propose an observer for the nonlinear system (2.64) introduced in
Chapter 2, where we now consider that the system is corrupted with a process {(t) € R®

and measurement x(t) € R zero mean Gaussian noise



where the state variable x := [x|,xJ,23]" := [Pd,Bv.,x]T € R* x [0,27), the input
vector u := [Pv', w,,,7]" € R*, the output measurement y € R,
—S(r)xi(t) — Bv(t) + lmwm(t)Rl(t)WL (x3(t)) — x2()
F(x(t),u(t)) = —S(r)x2(t) )
win (1)

and

g(x(t)) = [[xa @)]]-

Notice that the system is nonlinear and, therefore, a state observer that accounts of this
nonlinearities is required. Additionally, the output measurement was taken as the actual
range and not the square range. This is important since it is assumed that the sensors
are affected with zero mean Gaussian noise. If the output measurement were taken as
the square range, then the output will be y(t) = x| (t)x1(t) + ||x1(8)||x(t) + k(t)? =
x| (1)x1(t) + A(t), where \(t) = ||x;1(t)||x(t) + k(t)? is neither zero mean nor Gaussian
noise. For further details on this, refer to Chapter 2.3.1 of [90].

Then, the objective of the observer is to estimate x(t) given the time histories of the

input u(¢) and the output y(t).

The Extended Kalman Filter (EKF) is the nonlinear version of the Kalman Filter (KF),
which is an algorithm that uses a time series of the input and the output corrupted
with additive independent white noise, a produces an statistically optimal estimation
of the state.

The main objective of the EKF is to extend the results of the KF for nonlinear sys-
tems. Basically, the EKF uses a linearized model of the system around the previous
estimation of the state. This method has been widely used in different applications
such as: attitude estimation [91-95], navigation [96-99], model identification [100-103],
biological or chemical process [104-106], among others [107-115].

To apply the EKF on (3.1), first the system should be discretized. We assume that the
control input u is constant over the sampling interval h (zero-order hold). Then, the
continuous model (3.1) is discretized using lst-order approximation Euler method as

follows

Xpt+1 = f(Xk7 uk) + th,} (3 2)

Y = 9(Xx) + K,
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where X = [Xlk,X2k7x3k]T = [Bd;’BV;I;’Xk]T

[B

is the state vector at time k, u, =

V) W, 7] is the input vector at time k, yj is the measurement sampled at time k,
f()is

X1, + b (=S(re)x1, — Bvi + lnwm, R, W (23,) — X2,

JF(xp, ) = Xz, +h (=S(r)xz,) ;
T3, + hwp,
and g(-) is
9(xx) = [|x1,|]-

The EKF is executed in two steps: the predictor, which calculates a approximation of
the state and covariance; and the corrector, which improves the initial approximation

when a new measurement is available. The predictor equations for the EKF are

S = F (e w) } 53
b, = F.PF + Q,
and the correction equation are given by
U1 = Yk — 9(Xn), )
Sk1 = Hi P HY + Ry,
K1 = P HY/ Si ), (3.4)

Xpr1 = Xy + Ker1Unat,

pk.l,_l == (I - Kk—l—lHk) Pk_+l7)

where x;_, is the a priori state estimation, P, is the predicted covariance estimate,
K1 is the Kalman gain, X;,; is the a posteriori state estimation, and Py, is the
corrected covariance estimate. Symbols (), and Ry are the process and measurement
noise covariance matrices at time k, respectively. Furthermore, Fy and Hj are the

process and measurement Jacobian matrices at time k, respectively, given by

I, — hS(ry) —hli, —hlmwmlekw (x3,)
Fk = 0 IQ - hS(Tk) 0
0 0 1

and




To test the observer, we run a Monte-Carlo simulation with 100 scenarios, in which we
choose randomly the beacon’s and vehicle’s initial position and orientation, as well the
ocean current velocity. We restrict the operation of the vehicle to an area larger than
the beacon’s position (|[Zp|| > ||*b|| + €); the foregoing in order to avoid collisions or
entanglement between the vehicle and beacon. The inputs of the system are chosen
such that Proposition 6 holds, that is, the angular velocity of the vehicle is set to
r = 0.25rad/s, the velocity of the vehicle ®v = [1.5,0]"m/s, and the angular velocity
of the beacon w,, = 1rad/s. The manipulator’s length is set to [,, = 2m and the
simulation time to ¢ = 200s. The range measurement is modeled with an additive white
Gaussian noise with a standard deviation of 0.3m [81] and acquired every Ty = 0.1s

being T} the discretization sampling time .

Table 1: Simulation parameters (model with ocean currents)

Parameter Variable Value
Vehicle’s angular velocity r 0.25rad/s
Vehicle’s linear velocity By [1.5,0]"m/s
Beacon’s angular velocity Win lrad/s
Manipulator’s length I 2m
Simulation time t 200s
Standard deviation noise range sensor - 0.3m

Regarding the state observer, we assume that the initial condition is initialized with
a random Gaussian distribution with mean equal to the real value and standard de-
viation of +30% from the real value. The Kalman filter parameters were chosen as
Qr = 1 x 107*diag([1, 1, 1,1,0.001]) for the process noise covariance matrix, the out-
put noise variance as R, = 0.3%, and the initial estimation error covariance Py = I,,.
The performance of the steady state is represented by mean absolute error (MAE).
The steady state MAE is obtained from the last 20s of the simulation. The average
steady state MAE for vehicle’s position is 2.4 m with a standard deviation of 3.7 m; for
beacon’s position is 0.17m with standard deviation of +0.32m; and for ocean current
velocity is 0.29 m /s with standard deviation of £0.14 m/s. Figure 12 shows a histogram
of the steady state MAE from all 100 simulation.

Taking into account that the simulation has an associated margin of error, then, the

average MAE is not just described as a particular value but instead as a confidence
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Figure 12: Histogram of the steady state MAE for EKF simulation taking into
account ocean currents. There worst case scenario gave an steady state MAE of 17m

in the vehicle’s position.

interval where the level of uncertainty is established as 95%. Then, for 95% of sim-
ulations the steady state MAE for the vehicle’s position is contained in the interval
(1.7632,2.9776) m, for the beacon’s position (0.1176,0.2234) m, and for the ocean cur-
rent velocity (0.2708,0.3180) m/s.

Additionally, to understand which was the worst case scenario, not only due to the
steady state error, we evaluate the performance by applying the integral of the square
of the error (ISE). The ISE is obtained from the whole simulation time (200s). This
metric give us a quantitative behavior of the transient response for all the simulations.

Figure 13 shows an histogram of ISE from all 100 simulations.

In the worst case scenario, the vehicle’s initial position was set to Tpy = [15.31,28.29] " m
and the beacon Zby = [0.73,1.85]T m. The state observer was initialized with Tpy =
25.58,35.97]7 m and the beacon Tby = [1.22,1.57]7 m. Figure 14 shows the vehicle’s
trajectory and its estimation. Notice, that at the beginning there is a large error
between the real position and its estimation. Additionally, the norms of the estimation
errors are shown in Figure 15. In the worst case scenario, the EKF takes the complete

simulation time to converge to the real value.
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Figure 13: Histogram of ISE for EKF simulation taking into account ocean currents.

The worst case scenario corresponds the same having the worst steady state MAE.
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Figure 14: Vehicle’s trajectory and its estimation for the EKF. Notice that the filter

takes time to converge, but at the end of the simulation is close to the real value.
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Figure 15: Norm of the estimation errors for the EKF. Notice that the first 200s there

is a large estimation error in the vehicle position.

[[ve(t) = ve(B)]]

Recall that the last scenario lies outside the confidence interval. Then, another inter-
esting scenario to show is one that lies between the confidence interval. The vehicle’s
initial position was set to Zpg = [19.57,6.45]T m and the beacon by = [1.06,1.69] " m.
The state observer was initialized with Zp, = [11.23,3.26]7 m and the beacon Tb, =
[0.97,1.74]" m. Figure 16 shows the vehicle’s trajectory and its estimation. Notice,
that at the beginning there is a large error between the real position and its estimation.
Additionally, the norms of the estimation errors are shown in Figure 17. It is important
to note that the behavior of the filter is affected by how far the initial estimation is

from the real state of the system.

Additionally, since the output of the system is the range between the beacon and the
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vehicle, the further away is far from the other, the filter tends to deteriorate. The above
seems to be because the position of the vehicle is larger in magnitude than the position
of the beacon, causing it to have a greater weight in the correction phase. Therefore, the
accuracy in the estimation decrease. Finally, the initial estimation covariance matrix is
fixed for all simulation scenarios. The above can cause that in those scenarios, where
the initial estimation value is very close to the real value, the filter exhibits a more

aggressive transient response.
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Figure 16: Vehicle’s trajectory and its estimation for a simulation that lies within the
CI using the EKF.
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Figure 17: Norm of the estimation errors for a simulation that within the CI using the
EKF.

3.3. EXOGENOUS KALMAN FILTER TAKING INTO ACCOUNT
OCEAN CURRENTS

Estimation for nonlinear systems is a challenging problem. There are a lot of methods
in literature that solve the problem. In the previous section, the nonlinear version of the
Kalman Filter (EKF) was used. The EKF is based on the linearization of the system
around the current estimation and produces an optimal estimation of the state with
respect to noise. Although convergence were achieved in the simulation scenario, in

general there are no global stability properties guaranteed for the EKF.

Nonlinear observers have good global stability properties and desired performance.
Nevertheless, they can be noise sensitive. To solve both problems, Johansen and Fos-
sen [116] proposed a new version of the Kalman Filter, known as Exogenous Kalman
Filter (XKF). The key idea is: rather than linearizing the system around the current
estimation (EKF), the XKF proposes to linearize the system around the estimation of

a nonlinear observer. Since both system are in cascade, the Kalman Filter inherits the

84



global stability properties of the nonlinear observer and at the same time is suboptimal

with respect to noise.

Inspired by those ideas, we propose the following methodology for the system (3.1):
first, a linear augmented-state observer is designed, which guarantees global stability
properties; then, an inverse state transformation is applied to recover the original state.
This estimation is highly affected by noise since the output used in the process is the
square range. To improve this, the estimation of this observer is used in the linearization
step of an EKF. Since the linear observer is in cascade with the EKF, then the complete

observer inherits the global stability properties. Figure 18 shows the observer scheme.

Yk ~ _
LQE for State Z Inverse State Xk

Augmented system Transformation

Ug

Y

Yk | Linearized Kalman )A((t)
up Filter

Figure 18: Observer design methodoloy based on XKF

3.3.1.  Linear Quadratic Estimator for the state augmented system

The first stage in the procedure is to find an observer for the augmented-state sys-
tem (2.66). Recall that (2.66) and (3.1) are equivalent in the sense that there is one-to-
one correspondence in the state trajectories of both systems. The linear system (2.66)
is obtained by applying a state space augmentation to (3.1). Now consider that the
system (2.66) is corrupted with zero mean Gaussian disturbance v € R' and noise

w e R

z(t) = A(u)z Bu+wv
(t) = Awz(t) + +} (35)

y(t) =Cz(t) +w
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where

[—S(r) -, lpwwla O 0 O 0 0 0 0 0 ]
0 —S(r) 0 0 0 O 0 0 0 © 0
0 0 —S(r) —wmly 0 0 0 0 0 © 0
0 0 wnly —=S(r) 0 0 0 0 0 © 0
—28vT 0 0 0 0 -2 2w, 0 0 0 0
A(n) = 0 —By T 0 0 0 0 0 0 -1 lLyw, 0
0 0 By T 0 0 0 0 —w, 0 -1 0
0 0 0 By 0 0 wn 0 0 —1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 —wn
|0 0 0 0 0 0 0 0 wn 0 |
-1, 0 0 |
0 0O
0 0O
0 0O
0 0 0
B=|0 0 0 |,
0 I, 0
0 0 0
0 0 0
0 0 0
| 0 0 0 |

C:[00001000000,

Remark 3. Although the disturbances (t) and k(t) in (3.1) are stochastic variables
with known covariance matrices, the stochastic properties of v and w in (3.5) are not
the same. The above is because a nonlinear transformation is carried out on the sys-
tem (3.1) which makes it difficult to relate the stochastic properties of the new distur-
bances. Additionally, the transformation can lead to correlations between the state and

the disturbances.

Now the problem is to find the estimate z(t) for the system (3.5) given the time histories
of {u(r): 0 <7 <t}and {y(r): 0 <7 < t}. One way to solve the problem is by using
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Kalman-Bucy filter, also known as Linear Quadratic Estimator (LQE). The filter was
designed to minimize the mean square error E{(z(t) — 2(t))(z(t) — 2(t))"}.
Proposition 10 (Kalman-Bucy, 1961 [117]). An optimal estimator for the sys-

tem (3.5) has the form of a linear observer given by
z(t) = A(u)z(t) + Bu + L(§ — Ca(t)), (3.6)

where L = PCTR™ and P = E{(z(t) — 2(t))(z(t) — 2(t))"} satisfies the following

algebraic Riccati equation

A(u)P + PA(u)" — PC'R'CP+Q =0. (3.7)

Sketch of the proof. Lets define the state estimation error as e(t) = z(t) — z(¢). Then
é(t) = (A(u) — LC) e(t)+~, where v = v— Lw. Notice that in absence of measurement
noise and disturbances in the process, e(t) — 0 as t — oo since (A(u)—LC) is a stability
matrix. In the presence of bounded noise measurement and disturbance, the system is

BIBO stable from the inputs v and w to the output e.

Additionally, notice that the covariance matrix R, is given by R, = E{(v — Lw)(v —
Lw)"} =Q+ LRLT. Now, the idea is to find an L such that P is as small as possible.

The covariance matrix P of the error satisfies P = E{e(t)e'(¢)}, and its derivative

P =(A() — LC)P + P(A(u) — LC)T + Q + LRL
= A(u)P + PA(u)" +Q — LCP+ PC'L" + LRL
= A(WP + PA(w)" +Q + (LR~ PCT)R™ (LR — PC")" — PCTRCP

Since P satisfied (3.7), then p= (LR — PCTYR™Y(LR — PCT)T, which implies that
P =0 when L = PCTR™". O

Notice that the observer presented in (3.6) assumes that the output y(t) is continuous
in time, but in reality is not. A straightforward approach is to hold the output between
each sample and assume it as continuous time (zero order hold). Other approach would

be using Euler’s method to discretize the observer (3.6), as
Zier = 2, + h (A(wg)2y, + Bug + L(, — Cy)) - (3.8)

Remark 4. Notice that §p # yi. The output of the state augmented observer (3.8) is

related to the original measurement as Uy = yi.
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3.3.2.  Inverse state transformation

Notice that in order to develop the linear observer, a state augmentation was performed.
The state estimation z; is related with the original system through the following inverse

state transformation
5(11@ Z1,

Xk = 5(2k = 22k ) (39)

X3, atan2 (RyZz4, €2, RyZg,€1)
where e; € R?, i € {1,2} the i® column of the 2 x 2 identity matrix, and the function
atan2 : R? — [0,27) is defined as

arctan(y/x) if >0
arctan(y/x) +7 if z <0andy >0
arctan(y/x) —m  if z <0and y <0

atan2 =
/2 if r=0andy>0
/2 ifx=0andy<0
undefined ifr=0and y=0

Remark 5. [t is possible from Xy to recover the vehicle and beacon positions, that is,
Ip(t) and Tb(t). Nevertheless, we will see through simulation that this estimation is
affected by the noise and it has better performance once it passed through the second
stage of the LKF.

3.5.53. Linearized Kalman Filler

Now, we have X;, as an estimate of x, which is a bounded signal given by the filter (3.8)
and the inverse transformation (3.9). We use this signal as a linearization point for the
linear Kalman filter. A first-order Taylor series expansion of (3.2) about the trajectory

Xy, vields the linearized model
X1 = f(Xe, wg) + Fi(Xp — Xi) + €5, + th,}

Y = g(Xp) + Hy(xp — Xi) + €y, + i,
where €,, and ¢, are the high order terms in the linearization processes, Fj, and Hj, are

(3.10)

the Jacobian matrices around the state trajectory X, given by

of (% ) I, — hS(ry) —hl, — il Ry, W (Z3,)
Fk Z:%: 0 IQ—hS(’l“k) 0 )
0 0 1
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 0g(Xp, uy) X1,
Hy = —— :[nxl:u 0 0]-

Remark 6. Since X, is bounded and converges to Xi, then it is possible to design an

observer for the system (3.10) without taking into account the high-order terms [116].

Then, the Linearized Kalman Filter (LKF) formulation for the system (3.10) in the

predictor-corrector form is given by

X, = f(Xk,ur) + Fi(Xr — Xp),
i f(Ak rk) k(X k)} (3.11)
Priy = Fe By Fy, + Qs
and the correction equation are given by
~ _ ~_ _ 3
U = yr — 9(Xr) — Hi(Xp 1 — %),
Ske1 = H P H + Ry,
K = P HY Sl (3.12)

Xpr1 = X1 + K10k,

karl = (I = Kpy1Hy) P .

Notice that, since {j and xj in the original nonlinear system (3.2) are assumed additive,
then, the properties of the disturbances of the linearized system (3.10) are the same. A

block diagram showing all stages is presented in Figure 19.

The following assumptions guarantee that the Linear Kalman Filter inherits the stability
properties of the LQE.

Assumption 5. The process noise covariance matriz, the measurement noise covari-
ance matriz, and the initial estimation error covariance matriz are positive definite and
symmetric.

Assumption 6. The LTV system represented by the matrices Fy and Hy, is uniformly

completely observable.

3.3.4.  Simulation results

To test the observer, we run a Monte-Carlo simulation with 100 scenarios, in which
we choose randomly the beacon’s and vehicle’s initial position and orientation, and the

ocean current velocity. The conditions are the same as the EKF, where we restrict
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Figure 19: Observer interconnections diagram

the operation of the vehicle to an area larger than the beacon’s position (||p|| >
||[¥b|| +€), the foregoing in order to avoid collisions or entanglement between the vehicle
and beacon. The inputs of the system are chosen such that Proposition 6 holds, that
is, the angular velocity of the vehicle is set to r = 0.05rad/s, the velocity of the
vehicle Bv = [1.5,0] "m/s, and the angular velocity of the beacon w,, = 0.3rad/s. The
manipulator’s length is set to [,, = 2m and the simulation time to ¢ = 200s. The
range measurement is modeled with an additive white Gaussian noise with a standard
deviation of 0.3 m [81] and acquired every T = 0.1s being T} the discretization sampling

time.

Regarding the state observer, we assume that the initial condition is initialized
with a random Gaussian distribution with mean equal to the real value and stan-
dard deviation of +30% from the real value. The LQE parameters are chosen as
Q = 0.001 diag([1,1,1,1,0.001 ones(1,11)]) for the process noise covariance matrix,
and the output noise variance as R = 0.1. The LKF parameters are chosen as
Qr = 0.001diag([1,1,1,1,0.001]), R, = 0.3%, and the initial estimation error covari-
ance Py = I,,. All 100 simulations converge and the performance of the steady state is

represented by the mean absolute error (MAE). The steady-state MAE is obtained from
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the last 20s of the simulation. The average steady state MAE for vehicle’s position is
1.1m with a standard deviation of +0.3m; for beacon’s position is 0.27m with stan-
dard deviation of £0.12m; and for ocean current velocity is 0.064 m/s with standard
deviation of +0.017m/s. Figure 20 shows an histogram of the steady state MAE from

all 100 simulation.

15 ) 15 20 -
11 11 m N 027 [m] 15 T = 0.064 [m/s]
B * = tim T =V.arm s =0.017 [m/s
10 s = 0.3 [m] 10 s = 0.12 [m] m/s|
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5 5
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(a) Vehicle’s position (b) Beacon’s position  (c¢) Ocean current velocity

Figure 20: Histogram of the steady state MAE for XKF simulation taking into
account ocean currents. There worst case scenario gave an steady state MAE of 2m in

the vehicle’s position.

Taking into account that the simulation has an associated margin of error, then the
average MAE is not described as a particular value but instead as a confidence in-
terval where the level of uncertainty is established as 95%. Then, for 95% of sim-
ulations the steady-state MAE for the vehicle’s position is contained in the interval
(1.0866,1.1850) m, for the beacon’s position 0.2463,0.2862) m, and for the ocean cur-
rent velocity (0.0609,0.066) m/s.

Additionally, to understand which was the worst case scenario not only due to the
steady-state error, we evaluate the performance by applying the integral of the square
of the error (ISE). The ISE is obtained from the whole simulation time (200s). This
metric gives us a quantitative behavior of the transient response for all 100 simulations.

Figure 21 shows an histogram of ISE from all 100 simulation.

From this point, it is interesting to understand how is the state estimation in the worst
case scenario and one from the CI. In the worst case scenario, the vehicle’s initial
position was set to Tpy = [6.29,41.23]" m and the beacon by = [1.10,1.66]" m.

The state observer was initialized with Zpy = [6.10,40.35]7 m and the beacon Zby =
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Figure 21: Histogram of ISE for XKF simulation taking into account ocean currents.

The worst case scenario corresponds the same having the worst steady state MAE.

[1.23,1.57]" m. Figure 22 shows the vehicle’s trajectory and its estimation. Notice,
that at the beginning there is a large error between the real position and its estimation.
Additionally, the norm of the estimation errors are shown in Figure 23. Notice, that at

the begin it presented large errors in the estimation, but at the end it converges.
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Figure 22: Vehicle’s trajectory and its estimation. Notice that the filter takes time to

converge, but at the end of the simulation is close to the real value.
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Figure 23: Norm of the estimation errors for the XKF. Notice that the first 200s there

is a large estimation error in the vehicle position.
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The last scenario lies outside the confidence interval. Then, another interesting scenario
to show is one that lies between the confidence interval. The vehicle’s initial position
was set to Tpy = [—0.17,14.22]" m and the beacon Zb, = [1.10,1.669]" m. The
state observer was initialized with Zpy = [—0.02,13.79]7 m and the beacon Zby =
[1.12,1.65]" m. Figure 24 shows the vehicle’s trajectory and its estimation. Notice,
that the algorithm achieves convergence even in the worst case scenario. Additionally,

the norms of the estimation errors are shown in Figure 25.
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Figure 24: Vehicle’s trajectory and its estimation for a simulation that lies within the
CI using the XKF.
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Figure 25: Norm of the estimation errors for a simulation that within the CI using the
XKF.

Although both observers were tested with different simulations, it is important to make
a qualitative comparison of the performance of both. In the case of XKF, the average
MAE has better performance in the vehicle’s position and ocean current estimation,
which means a better performance in steady state. This can be also seen, if we compare
the worst case scenario in both simulations. Finally, comparing the ISE distribution
both presented similar shape. It is important to recall, that one of the main advantages
of XKF over EKF, is the globally asymptotically stability property. Nevertheless, the
observer XKF structure imposes limits in the type of trajectories to perform by the

vehicle.
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Figure 26: Histogram comparison of ISE and MAE for both observers

3.4. CONCLUDING REMARKS

We addressed the estimation problem from two different implementations: the Ex-
tended Kalman Filter and the Exogenous Kalman Filter. For the EKF, we used the
model represented in the {B}-frame and assumed a Gaussian noise; this filter is based
in the linearization of the the system around the current estimation. On the other hand,
the Exogenous Kalman Filter is based on the linearization of the system around the
estimation of a second filter with globally convergence properties. Under some assump-
tions, the cascade filter inherits the convergence properties and it has good response
against noise. Finally, both filters were tested in simulation, with and without taking

into account ocean currents.
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4. OPTIMAL TRAJECTORIES

4.1. INTRODUCTION

Until now, all the analyses carried out in the previous sections about the system ob-
servability had been made from a yes or no point of view; this means that we answer
the question whether the system is observable or not. This chapter addresses the prob-
lem of optimal trajectories for the cooperative underwater navigation system from an
observability point of view. First, we derive a cost function based on the Fisher Infor-
mation Matrix and the trajectories of the vehicle and the beacon. Finally, we find out

optimal trajectories for the beacon based on the trajectories of the vehicle.

4.2. PROCESS AND MEASUREMENT MODEL

Consider the system described by the equation (2.61). This time, lets assume that
the vehicle’s velocity is given by Bv := [v(#),0]T € R? and that the vehicle’s rotation
depends on t(t) = r(t). The above implies that the process and measurement model

are given by
A

(1) = v(t)w (¥(t)) +ve(t)

where t € [0,¢7) and t; > 0, p € R? is the vehicle’s position, v : [0,¢;) — R is the
vehicle’s speed, ¢ : [0,t;) — [0,27) is the course angle of the vehicle, Tv, € R? is the
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velocity of the current, r : [0,¢;) — R is the course rate of the vehicle, Zb € R? is the
beacon’s position, [, is the length of the beacon’s manipulator, w,, : [0,t) — R is the
angular rate of the beacon, x : [0,t;) — [0,27) is the angular position of the beacon,
and d € R is the distance or range between the vehicle and beacon. In what follows,
we assume that the beacon’s positions is known, and is going to be used to increased
the accuracy on the estimation. The solution of the system (4.1) at time ¢ with initial

condition (po, %o, Ve, Xo) 1S given by

)

Imw:pm+lvvwwwﬂwh+#wo

ww—%+A3er

In order to avoid collision or entanglement, we assume that the distance between the

vehicle and beacon have a safety guard given by
"b(t) = *p(t)|| = R

for all £ > 0 and R > 0.

4.3. FISHER INFORMATION MATRIX

Now, we focused on finding the best trajectories for the system to increase the accuracy
on the state estimation. One way to quantify this is by using the Fisher Information
Matrix (FIM). The FIM give us a quantitative measure of how much information a
random variable X carries about an unknown parameter 8. The problem for the Fisher
Information Matrix can be written as follow: consider the problem of estimating an
unknown parameter 8 € R"™ from a set of measured data given by y € R™. Let

g(y) : R* — R™ be an unbiased estimation of 8. Then, the error covariance of an
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unbiased estimator is bounded by

E{lg(y) - Ollg(y) — 0"} > FIM(6)~", (4.3)

where
FIM(8) =E{(Voln f(y,0)) (Voln f(y.0))" }, (4.4)

and f(y, 0) is the probability density function. The result given by the equation (4.3) is
called the Cramer-Rao bound. This result establishes a lower bound on the variance of
an unbiased estimator. For our purpose, the objective is to minimize as much as possible

the bound which ultimately translates in a better performance in the estimation. The

T

o]" and the measured data

unknown parameter for the problem at hand is 8 := [p] , v

model is given by

Yy=z+n, (4.5)
where ¥y = [yo,¥1, ..., ¥m_1]' iS a vector containing m range measurements, z :=
[do, dy,...,dm_1]" is the real or actual range measurement given by (4.2), and n =

[nla n2,y ... T]Tn—l]T
Note that the FIM explicitly depends on the range between the vehicle and beacon,

is a vector containing the measurement noise with 1, ~ AN(0,0?).

which in turns implies that is going to depend on the inputs of the system.

With this in mind, we first derive the F'IM for the problem under consideration. Then,
we solve the problem without taking into account any constraint (unconstrained opti-
mization problem). Finally, we solve different numerical scenarios where we put con-
straints over the motion of the beacon and vehicle. Also, we solve the problem when the
vehicle is doing its own mission, and the beacon is helping to improve the observability

of the system.

4.4. UNCONSTRAINED TRAJECTORY OPTIMIZATION

So far, just by moving the beacon with constant angular velocity, the system will become
observable (recall from Chapter 2, that those are the cases where just the initial position
of the vehicle and the initial ocean current are unknown). Now, it is our interest to
find out the best sequence of angular velocity for the beacon which can increase the

accuracy on the estimation.
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Consider the system described by the equations (4.1). Let m € N and consider a time
sequence of length m, such as 0 =ty < t; < ... < t,,_1 = ty, where ¢}, are sampling
instants at which the range measure is acquired. For simplicity of the analysis, in what
follows, we assume that the speed, course rate of the vehicle, and the angular velocity

of the beacon are bounded piecewise constant functions of time, that is
U(t) =V € [ﬁmimq_}max]at € [tkathrl),

T(t> =Tk € [fmin7fmax]7t € [tk7tk+1>a
and

wm(t> = (Dmk; € [@mmin’ a]mmax]7t € [tk'7 tk+1)
Based on this assumption, for all ¢ € [ty, tx11), the model (4.2) can be written as

prt g—’“[—WL ((8)) +w (@] + (¢ — 8 vy, i 75 £ 0]

p(t) = k
ka + (t - tk)(@kw (¢k) + IVCO)? Otherwise,
w t) = @Dk + (t - tk)fk: (4.6)
Ivc t) = vg,

Vs

Then, the model at time ¢, and with constant sample time At = ¢, — t, is given
by

v oo )
Tpr+ —k[_WL (Vri1) + W (Ur)] + At v, if 7 # 0

IO 7
Pi+1 = k
Ipi + At(vpw () +Tve,), otherwise,
I¢k+1 =Yy, + AL Ty (4.7)
VCk+1 = VCO

Xit+1 = Xk + At Oy,

"bri1 = LW (Xpt1) J

Now that the model of the system has been described, it is possible to derive the
particular FIM for the problem at hand. Recall that the FIM is given by (4.4) and the
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measured data vector by (4.5). Since the model of the measured data has a normal
distribution, then, the probability density function for the measurement vector y with

respect to the unknown parameter 6 := [pg, VCTO]T is given by

m _ 1 _
F.0) = ) e 5y -2 R - 2) ),
where R = 021, is the covariance matrix. Now, in order to obtain the FIM for our

problem, we need the gradient of the logarithm, that is,
Voln f(y,0) = (Vez) R '(y — 2)

Recall that the range vector d which is formed by stacking the range measurements,
implicitly depends on the initial conditions of the system. Straightforward computation

shows that the FIM for our problem is given by

FIMy(0) = 07%(Vez)  (Vez), (4.8)
where a , a
T do 074,
VQZ = :
dj_y dy_y
o dm—1 _tmil dm—1 mx4

In the above, remember that d; denotes the relative position vector at time ¢, from
the beacon with respect to the vehicle, that is, d, = by — pr and the norm is given
by dr = ||dk||. Additionally, the range vector depends on the inputs of the system,
which in turn the FIM is going to depend on the inputs. For the sake of simplicity, the

following compact notation will be used
dg
do

D:=| : | eR™?

dT

m—1

dm—l

T = diag(to,tl, ...,tmfl) € R™*™,

Then, the Fisher information matrix is given by

FIMy(8) = o2 —_;TT] - -77|

L[| DD
D'TD D'T*D

Il
)
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Remark 7. The Fisher information for our problem has the same structure that the
one tackled in [77]. Nevertheless it is important to point out that the constraint in the
motion for the beacon is different. Recall that the motion of the beacon is restricted to a
small area given by the manipulator. At first glance it can be a disadvantage compared
to using another vehicle as a beacon since the manipulator will impose a smaller range
operation of the system. However, the dynamics of the manipulator is much faster than

another underwater vehicle, which allows the system to execule more excited maneuvers.

In order to solve an optimization problem, we define the following cost function based
on the FIM like

J(u) = Indet FIM,(6), (4.10)

which we seek to maximize.

Now, with a cost function that relates the amount of information that the range mea-
surement carries about the initial condition of the system, it is possible to state an
optimization problem. First, we solve the unconstrained optimization problem. To
that end, we recall the results of Popescu et al. [118].

Proposition 11 (Theorem 1.2 from [118]). Let Q € R

Qll s le

le s Qmm
where Qi; € R™™ with 4,57 = 0,1,...,m; Qi = 0; Qij = ZTJ, and a;; = tr(Q;;). Then
the determinant of Q is mazimized when each block is a scaled identity matriz of the
form Qi; = n~tayI, and the mazimum value of the det Q is given by (n~™det &)™,

where the elements of the square matriz € are {a;;}.

With this tool, we can find out what is the maximum cost function for the FIM given
by (410) Let Qll = DTD, ng = le = DTTD, and QQQ = DTTD Then, the

matrix @Q is given by
Qu Q2
Q= :
[Qzl Q22]

Notice that Q;; > 0 and Q;; = Q; € R**? for 4, j = 1,2. Now, the

an = tr(Qu) =m,

102



m—1
a1p = ag = tr(Qr2) = tr(Qa) = Z lk,
k=0

and

3
L

9o = tr(Qgg) = tz
0

e
Il

Then, the cost function J for the optimal value u* is given by

J(u*) = Indet FIM,-(0)
=Indet (c7°(Q)) (4.11)
=In (0727 det &)%)

In the special case when the measurements are taken with uniform sampling, that is
tr = /{ZT, then

| Tk
det & = det ( moo Tl 2]) ,
T o b T23 00 k

Tm(m—l)
= det < Tm/)(/):nl) T2m(m12)(2m1)]> )
) 6
1
= ET2m2(m2 - 1)

Finally, it is possible to find out the optimal cost function for the unconstrained opti-

mization problem

T m” — 1)2) (4.12)

J(u) =1
(w) n( 230408

Remark 8. Notice that the optimal value for the cost function is directly proportional
to the number of range measurements taken into account in the optimization problem.
Additionally, if the variance of the sensor is to large, the accuracy of the system is going
to decrease.

Remark 9. Although the optimization did not take into account any of the constraints
for the vehicle and beacon, this value gives us an overview of the maximum value that

we can achieve in our optimization problem with constraints.
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4.5. CONSTRAINED TRAJECTORY OPTIMIZATION

In the previous section, we tried to solve the problem without taking into account any
restriction for the inputs in the vehicle and the beacon. Basically, equation (4.12) gives
us an intuition of the maximum value that we can achieve if the vehicle and beacon
can perform any trajectory. Now, with the constraint on the type of movement for
the vehicle and beacon given by (4.7) and bounds for the inputs, we try to solve the
problem using numerical optimization methods. Four different optimization problems

are proposed:

e Problem 1: both inputs from vehicle and beacon are optimization variables. That
is u = [Ug, T, Om,]"

e Problem 2: the vehicle will be executing a particular mission, while the input of
the beacon is the optimization variable. That is u := [y, ]

e Problem 3: the vehicle will be executing a particular mission, and we want to
find the optimal constant angular velocity for the beacon.

e Problem 4: in the last we proposed a multi-objective optimization taking into

account an energy cost function.

To solve all these problems, we resort to numerical methods to maximize the determi-
nant of the FIM using the Genetic Algorithm toolbox from Matlab [119]. This toolbox
aims to make accessible GAs to the scientific community. GAs are stochastic global
search and optimization methods that mimic the nature of the evolution and are suitable

for solving nonlinear optimization problems.

4.5.1.  Problem 1 - Vehicle and Beacon help to improve observability

For the first problem at hand, the inputs from the vehicle and the beacon are going
to be used as optimization variables. The above means that, both the vehicle and the
beacon will help to maximize the FIM, which in turns means to improve the accuracy on
the estimation. Additionally, we will impose upper and lower bounds for the vehicle’s
speed and course rate, as well as, bounds for the angular velocity of the beacon. The

optimization problem will be

104



max Indet F'IM(0)

u

v o
. Tpi 4 — [~ Wb (1) + W (Up)] + TV, if 7 # 0
s.t. Pi+1 = Tk
Ipi + T(oxw () +*v,,), otherwise,

Vi1 =Y + 1 7%

Z
Vck+1 = VCO (413)

Xi+1 = Xk + T Wy,

Tbi1 = bW (Xk+1)

0 <, <Oy

— Tup < Tk < Typ

— Oy < Omy < Ty
where u := [U, T4, Wm,)', 0 :=[pg,v,]", k € {1,2,...,m} and FIM,(0) is given by
equation (4.9). For the first problem, the idea is to find out the best sequence of actions

for the vehicle and beacon that maximizes the FIM. We solve the problem with four

different conditions and bounds (see Table 2).

Table 2: Simulation scenarios for Problem 1

Scenarios Vub Tub Om, m T o Po Ve, Jo(u*)  J.(u¥)
[m/s] [rad/s|] [rad/s] [s| [m]  [m] [m/s]
Scenario 1 (S1) 1.5 /9 T 12 1 0.1 [3,45]" [0.3,0.1]T 3054 29.56
Scenario 2 (S2) 1.5 /6 s 16 4 05 [-55]" [0.1,0.3]" 25.52  25.52
Scenario 3 (S3) 1.0 7/9 m 12 1 0.1 [3,45" [0.3,0.1]" 30.54 29.28
Scenario 4 (S4) 1.0 /6 7/2 16 4 0.5 [-55" [0.1,0.3]T 2552 25.52
For all scenarios the beacon positions were set up to by = [1.4142,1.4142]" and the

initial orientation of the vehicle was vy = 7/3. In Table 2, J, and J. stand by un-
constrained and constraint optimal solution, respectively. Figure 27, 28 and 29 show
the solution of the problem for the four different scenarios. Notice that for all four
solutions, the constrained problem reach the maximum cost function or is close to the
unconstrained solution. When we compare S2 and S4, despite the vehicle’s velocity and

the beacon’s rotation have a more restricted bound, the solution reaches its maximum.
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Figure 27: Vehicle’s trajectory optimal solution for problem one and all four scenarios.
Even though, the beacon trajectory is not reflected in the figures, beacon is rotating
around the origin. Additionally, beacon and vehicle are at different depth in order to

avoid collisions or entanglement.
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Figure 28: Beacon’s trajectory optimal solution for problem one and all four scenarios.
Simulation time is different between scenarios; since m and T are different between
them.
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Figure 29: Optimal solution for problem one and all four scenarios. Notice that in

some solutions is necessary to continuously changing the rotation of the vehicle.

4.5.2.  Problem 2 - Beacon helps to improve observability

For the second problem at hand, the inputs from the vehicle are given for a particular

mission, which means that the vehicle is not going to help to maximize the FIM. There-

fore, just the rotation of the beacon is used in the optimization process. Additionally,

we impose upper and lower bounds for the beacon’s rotation. The optimization prob-

lem is given by (4.13), where this time u := [@,,|. The unknown parameter 8 and k

remain the same and the upper bound for the rotation speed of the beacon is given by
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Wm,, = 7/6. For this particular problem, we solve two different scenarios. First, the
vehicle is going in straight line, that is, v(¢) = 1.5 m/s and r = 0 rad/s. The initial
position of the beacon is given by by = [1.4142,1.4142]" |m| and the initial position
and orientation of the vehicle are po = [3,3]" [m] and 1y = Orad, respectively. The
ocean current is v, = [0,0.3]" [m/s]. The sample time 7" and the number of samples
m were set up to 1s and 10, respectively. For these conditions, the unconstrained prob-
lem reaches its maximum at J, = 29.079, while the solution of the problem at hand
is J. = 24.254. Although, only the beacon’s rotation was involved in the optimization
process, the optimal value is very close to the unconstrained solution. Figure 30(a),
31(a), and 32(a) show the vehicle’s trajectory, beacon’s trajectory and optimal input

for the beacon, respectively.

For the second scenario, the inputs for the vehicle are zero. The above, implies that the
vehicle is just moving by the current. The rest of parameters were set up as the previous
scenario. The optimal cost function is J. = 26.171. Notice that in the last scenario it
reaches a better solution than in the case that the vehicle is moving in straight line.
This is in part due to the proximity of the vehicle to the beacon, which in turn implies
that the angles between consecutive range measurement are more different than in the

first scenario. Figure 30(b), 31(b), and 32(b) show the solution for the second scenario.

Vehicle's position for P2_S1 Vehicle's position for P2_S2
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Figure 30: Vehicle’s trajectory for the second problem. The vehicle’s trajectory is not

generated as result of the optimization problem.
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Figure 31: Beacon’s trajectory optimal solution for the second problem.
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Figure 32: Optimal solution for the second problem. Recall that just w; was used in

the optimization process.

Figure 32(b) shows that the effort to get the best optimal cost function is higher in
comparison with (a). Basically, the rotation velocity goes from one extreme to the

other.
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4.5.3.  Problem 3 - Best constant rotation for the beacon

For the third problem, the objective is to find the best optimal constant rotation of the
beacon which maximizes the FIM. Therefore, just the rotation of the beacon is used
in the optimization process and it is constant all the time. The above implies that
u = Wy, , with @,,, being constant for all £ € {1,2,...,m}. The unknown parameter
0 remains the same. The same two different scenarios from the previous problem
were solved with these conditions. The vehicle’s trajectories are the same as shown in
Figure 30. The results of the beacon’s position and the inputs are shown in Figure 33
and 34. The optimal cost function for the first scenario is J. = 21.936 and for the second
J. = 24.876. It is important to highlight at this point, that although it was shown in
previous chapters that the system was observable when the beacon was rotating, it
had not been concluded which would be the best rotational speed for it. Additionally,
the observability could be improved if a sequence of actions for rotational speed was
performed. Finally, since the optimization problem was transformed to the point of
having only one input variable, we can plot the cost function for different values of
beacon’s angular velocity and speed for the vehicle (see Figure 35). Notice, that even

for different vehicle’s speed, the optimal input for the beacon remains approximately

the same.
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B 0 ) 0
Y <
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Figure 33: Beacon’s trajectory optimal solution for the third problem.
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Figure 34: Optimal solution for the third problem. Recall that w; was used in the

optimization process and remains constant for the different sample times.
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Figure 35: Cost Function plot for constant beacon’s angular velocity and different

vehicle’s speed.
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4.5.4. Problem 4 - Energy Cost Function

Up to this time, the optimization problem has been based in one goal: maximizing the
Fisher Information Matrix in order to improve the accuracy on the estimation. We have
found that different inputs achieve good performance in relation with the maximum
optimal cost from the solution of the unconstrained optimization. This performance
was achieved in most of the cases by accelerating the beacon from one direction the the
other (see Figure 31). Now, we are interested in the inclusion of a second cost function
that relates the energy required for the beacon’s movement. The above implies, that
we want to maximize the FIM while at the same time than minimizing the energy
consumption of the beacon. Then, we have a multi-objective optimization problem

that involves two cost functions: the FIM and the energy consumption.

The energy consumption of the beacon can be related mostly to the rotational kinetic
energy, which is given by K, = %]wgl(t), where [ is the moment of inertia and w,, is the
beacon’s angular velocity. Since the moment of inertia is a constant and is not within

the optimization variables, the energy cost function can be written as

ty
Jo = / w2 (T)dr, (4.14)
0
and for a piecewise constant input, then
m—1
Jo=T» &2, (4.15)
k=0
Now, the multiple optimization formulation is given by
min (Jl, JQ)
u (4.16)
St = Dy < Dy < Dy
where J; = —Indet FIM,(0) and J, is given by (4.15). To solve this problem, we

resort to numerical algorithms, particularly with the Global Optimization Toolbox from
Matlab. For this problem, we tested just the scenario where the vehicle moves in straight
lines like Figure 30(a). Same parameters as the second problem were set up for this
case. Since we are solving a multi-objective optimization problem, Figure 36 shows the
Pareto Front and some of the solution for the beacon’s input. Notice that if we want

to improve the FIM, then we need to spend more energy, which means that there is a
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compromise between both of them. Additionally, even if we continuously increase the

energy of the system, we are not going to improve the navigation system.
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Figure 36: Pareto front for the multi-objective optimization problem. Notice that

even if we increased more the energy, the observability is not going to improve further.

4.6. CONCLUDING REMARKS

We addressed the observability problem from a different perspective, instead of the
classical yes or no point of view. We formulated an optimization problem for finding the
best sequence of action for the system that improves the observability. To achieve this,
a cost function using the Fisher Information Matrix was derived. Next, the problem was
solved from an unconstrained and constrained perspective. For the first, an analytical
solution was found, which give us the best FIM that the system can achieve without
taking into account any constraint in the motion of the vehicle or beacon. For the
constrained problem, we solved four different scenarios, where the motion of the vehicle

and beacon were involved, as well as the energy consumption.
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5. CONCLUSIONS AND FUTURE WORK

In this final chapter, some conclusions and future directions are given, based on the

work done in this thesis.

5.1. CONCLUSIONS

This thesis proposed a new methodology for underwater navigation of autonomous
system based on single-range measurements. This new methodology is based on a
cooperative system that uses a beacon with circular motion installed on board the
support platform. In the first part of the thesis, the observability problem of the
system was addressed in order to understand which type of trajectories the beacon
should execute to ensure the localization of both (vehicle and beacon). We addressed
the problem with and without taking into account the ocean current as a new state
variable of the system. We have shown that under certain parameterization of the
system inputs (constant inputs), it is possible to find a trajectory for the beacon that

guarantees observability at all times.

In the second part of this thesis, we addressed the observer design problem for the pro-
posed system. First, we used the classical approach of the Extended Kalman Filter. We
used a representation of the system with respect to the body frame and the lineariza-
tion of the system around the current estimation. We have shown through numerical
simulations that for both scenarios (with and without taking into account ocean cur-
rents), the observer converges. Then, we implemented the Exogenous Kalman Filter
for the system. The XKF was developed in three stages: first a linear state augmented
observer was designed to ensure global stability; then, an inverse transformation ap-
plied to recover the state of the original system; and finally, a linearized Kalman filter

around the last was performed. We tested the proposed observer through numerical
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simulations.

The final part of the thesis addressed the observability problem from an optimization
point of view. By using the Fisher Information Matrix and the proposed mechanism,
we found an optimal sequence of actions for the beacon that increase the accuracy on
the estimation of the vehicle’s position and ocean current. Then, we included in the
optimization problem, a second cost function which relates the energy consumption
used by the beacon. We have proven that, there is a point where increasing the energy

of the beacon is not going to improve the FIM.

5.2. FUTURE WORK

This work can be continued in different directions both experimentally and theoretically.

From the experimental point of view, the first step to follow is the construction, testing
and validation of the mechanism. It would be valuable to analyze the effects of having
the beacon near the hull of the vessel, such as generation of outliers. Also, analyzing
the effects on the length of the mechanism in terms of the accuracy of the observer,
which estimates the position of the vehicle; when the observability of the system in
Chapter 2 was analyzed, it is only concluded that the arm length must be different
from zero for certain conditions. Additionally, Chapter 4 does not such length within

the optimization parameters either.

From the theoretical point of view, the first step is to perform the analysis in three
dimensions of the observability of the system, without taking into account the pressure
sensor. This means assessing whether the mechanism together with the movement
strategy can guarantee the observability of the system in three dimensions. Additionally,
to test the observer at the same time with the optimal strategy for the beacon. The
above means comparing the accuracy of an observer to the strategy generated by the
optimization solution, and the accuracy of this before a constant movement of the

beacon.

From the observer chapter, it is interesting to evaluate the possibility of using another

non-linear observer that guarantees the overall stability of the system without having

116



to resort to an augmentation in the state system.
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A. FURTHER OBSERVABILITY ANALYSIS

In this appendix, we provide some part of the observability analysis that was not taken
into account in the Observability analysis chapter, as well as, some mathematical pro-

cedures used there.

A.1. STATE AUGMENTATION WITHOUT TAKING INTO ACCOUNT
OCEAN CURRENTS

In Section 2.5., a state augmentation was applied to the system
X = —=S(r)x; — By + lmmeng (x2),
o = W, (A.1)
diy = X, X1,
in order to transform the system into a linear one. The state augmentation performed
was z 1= [Z1, %, Z3, 24, 25, 26 = [Xl,R;prwl (x2) ,RTT{_/QZQ, 77, 7,7y, z,2s3]. To find

the new state representation of the system (A.1), the derivatives of each term are given
by

Zl = —S<T’)Z1 — BV + lmmeQ, (AQ)
22 = R;};WJ— (ZL’Q) — me;}:W (xg) i

= —S(T)RJWl (2) — w2,

= —S(r)ze — w23, (A.3)

z3 = R o2,
= Rasp (—5(r)22 — wnzs),
= (wm — 7)22, (A.4)
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24 = QZIZh
= (—S(r)zl — By 4+ lmwmz2) ,
—28vTz, + 2lmwmz1Tz2,

—28vTz, + 2w 25,

. - T T.
25 = 7y Z9 + Z, Z3,

= (=S(r)z; — Pv+ lmmeQ)T 2o + 2, (—S(r)ze — Wnzs),

B T
= By 2o + Lpwm — Wz, Z3,

B
= ByTay+ 1w, — W 26,

26 = 7 23 + 21 %3,
= (—S(T’)Zl —Bv + lmmeQ)T 23+ 21 (Wy — 1) 22,
=12, 9(r)z3 — v 235 + (W — 1) 25,
=z, S(rR 7r/2Z2 BvTzs + (Wm — 1) 25,
:r25—BV 73 + (W — 7) 25,

= —BVTZ3 + Wm2s.

(A.5)

(A7)

Additionally, the output is given by y = d2 =z, z; = z;. Now, it is possible to rewrite

the system (A.8) in matrix form as

z=A(u)z + Bu}

y=0Cz
where ~ _
—S(r) [ 0 0 0 0
0 =S(r)  —wnlz 0O 0 0
0 (W — 1) 13 0 0O O 0
A(u) =
(u) —2By T 0 0 0 2l,wWm 0
0 —ByT 0 0 0 — W,
0 0 Byl 0 wn 0 |
I, 0 0 |
0O 0 O
0 0 0
B = ,
0O 0 0
0o I, O
I 0O 0 0 |
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C=10 001 0 0f.

A.2. OBSERVABILITY ANALYSIS WHEN THE VEHICLE AND THE
BEACON DOES NOT MOVE (WITHOUT OCEAN CURRENT)

In the last part of the subsection 2.5., the observability analysis of the system was carried
out taking into account different kind inputs for the vehicle and beacon. Particularly,
in this appendix the observability analysis is done by assuming that the vehicle and
the beacon do not move. This conditions can be fulfilled by assuming that w,, = 0
and ||®v|| = 0. Tt is easy to proof that the system is not observable using the original
coordinate system (2.18). The output of the system is given y(t) = ||po — bo||. Recall

that for observability purpose it is the same to analyze the range square measurement.

Let Z(xo) denotes the set of initial conditions that are indistinguishable from the given
initial condition xo = (po, bo). Now, consider an initial condition %y = (po, bg) be such
that %y € Z(x0). Then, ||[po — bo||? = ||po — bol||? for every ¢ > 0. Notice that there
are less equations than variables, therefore the system is not observable. It is possible
to parametrize the set of indistinguishable initial condition by computing by = r,,u,
with a € [0,27) and pg = r,u, + ||Po — bol||us with € [0, 27).

Corollary 5. Knowing the initial condition of the beacon does not change the observ-

ability of the system.

To know the initial condition of the beacon, implies that b(0) = b(0). Then, it implies
that the vehicle’s initial condition is given by py = by + ||po — bo||ug with 8 € [0, 27).
Figure 37 shows a geometric interpretation of the indistinguishable set for both scenar-

ios.
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Figure 37: Geometric interpretation of indistinguishable initial conditions in the case
that neither the vehicle nor the beacon are moving. Notice that, once the beacon’s
initial conditions is known, the set of indistinguishable initial conditions shrinks to a

circle centered in the beacon.
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A.3. COMPLEMENTS TO THE PROOF OF PROPOSITION 5

The proof of this section relies in solving the set of nonlinear equation given by

lleea + 21 (0)[]* = |21 (0)] %, (A.9)
o, + z2(0)|* = 1, (A.10)
a) oy +a)z,(0) + oy z,(0) = 0. (A.11)

Recall that there are four variables and just three equations to solve the system, there-
fore, the solution will have one free parameter. To solve the system, first we apply the
following operation (A.9) + (A.10) + 2(A.11), that is

lleta + 20 (O)][? = [[20(O)][> + [evs + 25(0)|* — 1 + 200 v, + 201 2(0) + 202 24 (0

) ( 0,
HaaH2 + QaIzl(O) + HabH2 + Qa;)rzg(()) + 2a2ab + 20;22(0) + 2ab z1(0

) =

) =0,

laa + | |* + 20, (21(0) + 22(0)) + 204, (21(0) + 22(0)) = 0,
( ) =
(

[leva + cw | +2 (v + aw) " (21(0) +25(0)) = 0.

A.12)

Let us define z; := a, + oy, ¢; = z1(0) + z2(0) and s, : [0,27) — S as the map
described by s, := [cosy sinv]", then
l24[]* + 221¢y =0,
|z + el = [les ],

z, = —Cy + ||ci|[Sa- (A.13)

Following a similar procedure, except this time (A.9) 4+ (A.10) — 2(A.11), we obtain
lleta + 21 (0)[1* = 121 (0)|[* + [Jews + 22(0)|[* — 1 — 2, €y — 20, 25(0) — 20 24(0) = O,
l|ata]|* 4 2ax, 21 (0) + ||cw||* + 2c¢) 22(0) — 2, vy, — 2cx, 25(0) — 2av) 21 (0) = 0,
et — eu||* + 20; (21(0) — 22(0)) — 20, (21(0) — 22(0)) =0,
lleta + aw|[* + 2 (@t — )" (24(0) — 22(0)) =
(A. 14)

Let us define z_ := a, — a and ¢_ := z;(0) — 2(0), then
l|z_||*+ 2z c_ =0,
Iz +c—|* = [le-*,

z_ = —c_+||c_]||ss. (A.15)
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By doing (A.13) + (A.15) and (A.13) - (A.15), it follows that

o = = (0) + 32 (0) + 500 s+ 51121(0) — 22(0) s,

= ~22(0) + 51121(0) + 22(0) I — 5 122(0) — (055

We can replace o, or oy, in (A.9) or (A.10) respectively, what leads to
2
= ||z1(0)[?
e+l + 2llesllle-lIsass + lle—|* = 4[|z (0)]*
2 0l 1 1|lc-
ot 5y = A2 O 1lecll 1je-]

eslisa + 2|
—lles!lsq + =|lc_||s
o 1™+ 2 A

(A.16)

(A.17)

Teslllie-ll ~ 2lle-ll ~ 2 Jjc|
cos o — ) = W OIF = [121(0) + 2O — [}21(0) — ()|
2 (0) + 220)[[]22(0) ~ 2(0)]
s (o ) — —_ 2mOIF ~ 2[z:(0)]

2||21(0) + 22(0)[|[]21 (0

gil\)T

—Z2(0)||

cos(a— ) = 1(0) + 25
(a=h) = (Hzmm

—_

(

0) + z2(0)[|

) (amzzm)

A.4. STATE AUGMENTATION WITHOUT TAKING INTO ACCOUNT

OCEAN CURRENTS

In Section 2.6., a state augmentation was applied to the system

)

Bd = —S(r)Bd — Bv + lmcumR;/EWL (x) — Bv.,
By, = —S(r)Pv.,
X = W,
2, =*Fd""d, )
in order to transform the system into a linear one. The state
mentation performed was z = 21, 22, 23, Z4, 25, 26, 27, 28, 29, 210, Z11]
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d, Py, R,wt (X),RI/QZ;;,lezl,ZITZQ,z1Tz3,z1Tz4,ZQTz2,z2Tz3,z2Tz4]. To find the
new state representation of the system (A.19), the derivatives of each term are given
by

7 = —S(r)z1 — BV + Lpwmzs — 2o, (A.20)
ZQ = —S(T)ZQ, (A21)

iy = ROW* (22) — wnROW (22)
= —S(T’)R;WJ— (.TQ) — Wm2y4,

= —S(r)z3 — Wz, (A.22)

2y = R )23,
= ,R,;rr/Q (-S(T’)Zg — me4) s
= W2Z3 — S(1)2y, (A.23)

iy = 22z 74,
T B
=2z, (—S(r)zl — PV + W23 — ZQ) ,
= 9By + 2lmwmz1Tz3 — 22sz2,

= —25vTz + 2wz — 22, (A.24)

. - T T-
26 = 7y Zo + Zy Z2,

= (=S(Nz1 — *v + lpwnzs — ZQ)T 7o+ 2, (—S(r)zy),
_B,T

T T
Z9 + lyWinZg Zo — Zy Zo,

= By T2y + Lnwmz10 — 2o, (A.25)

. - T T.
27 = 74 Z3 + 7, Z3,

— (—S(T}Zl — By + L wmzs — z2)T 25+ 2z, (—S(r)z3 — Wnzy),

BT T T
= ="V Z3 + lpwym — 2y Z3 — WZq Zg,

= By T2y 4+ Lywm — 210 — Win2s, (A.26)
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738 = ZIZ4 + ZIZ4,
T
= (=S(Nz1 = °v + lpwnzs — 22) 24+ 2] (—5(r)z4 + wpnz3)
= Bylzy — z2Tz4 + wmleZg,,

= BvTz4 — 210 + W27, (A.27)

. - T T.
29 = Zo Z9 + Zy Z9,

= (=S(r)z2) " 22+ 2 (—S(r)z2),
—0, (A.28)

. .T T.
210 = Zg Z3 + Zy Z3,

= (_S(T)ZQ)T 273 + 7y (—S(r)z3 — Wnzs)
= —Wm2i1, (A.29)

211 = Z;—Z4 + Z;—Z4,
= (—S(r)zQ)T Z4 + z2T (Wmzs — S(1)24) ,
= Wm~<10- (ASO)

Additionally, the output is given by y = diy = Bd"8d = z;. Now, it is possible to

rewrite the system (A.31) in matrix form as

z=A(u)z + Bu} (4.31)
y=Cz
where
[—S(r) -, lpwwla O 0 O 0 0 0 0 0 |
0 —S(r) 0 0 0 O 0 0 0 © 0
0 0 —S(r) —wmly 0 0 0 0 0 © 0
0 0 wmly, —=S(r) 0 0 0 0 0 © 0
285yT 0 0 0 0 —2 2Lywn, O 0 0 0
A(u) = 0 —ByT 0 0 0 0 0 0 -1 lLw, O
0 0 By T 0 0 0 0 —-w, 0 -1 0
0 0 0 —ByT 0 0w 0 0 -1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 —wn
o 0 0 0 0 0 0 0 wny 0 |
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B. OBSERVER DESIGN WITHOUT TAKING INTO ACCOUNT
OCEAN CURRENTS

In this appendix, we provide the observer design procedure for the system without
taking currents into account. This appendix is complementary to the results given in

the ?7? section.

B.1. EXTENDED KALMAN FILTER

Based on the results of Chapter 7?7, we propose an EKF observer for the nonlinear
system (2.21) introduced in Chapter 2, where we now consider that the system is

corrupted with a process ¢(t) € R* and measurement x(t) € R zero mean Gaussian

noise

(1) = F(x(),u(t)) + ¢(1),

(1) = Fx(0) () + ) } .

y(t) = g(x(t)) + &(t),
where the state variable x = [x],z,]" = [Bd",x] € R? x [0,27), the input vector
u:=[Bv’ w,,r]" € R the output measurement y € R,

B T ol
Fx(t), ult)) = —S(r)x1(t) = BV(t) + Lnwin (R ]y W (xQ(t))] |
W (t)

and

g(x(t)) = [[xa (D).

Recall that the first step to apply EKF on (B.1), the system should be discretized. We
assume that the control input u is constant over the sampling interval h (zero-order
hold). Then, the continuous model (B.1) is discretized using 1st-order approximation

Euler method as follows

X1 = f(Xp, ug) + th,} (B.2)

Y = 9(Xk) + K,
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By, T T
Vi, Wmy Tk]

is the input vector at time k, yj. is the measurement sampled at time k, f(-) is

where x;, = [x1,,29,]" = [Bd], xx]" is the state vector at time k, u;, = |

f(Xk,uk) =

Xy, +h (S(rk)xlk — By + lmwmleZkvvL (l’zk))]

Ta, + hwp,

and g(+) is

9(xk) =[xl

The EKF is executed with the same two steps (prediction (3.3) and correction (3.4)),

but with the process and measurement Jacobian matrices at time k described by

P [IQ - f(L)S(Tk) —hlmwmﬂf;;kw (l’gk)]

and

_ | X
To test the observer, we run a Monte-Carlo simulation with 100 scenarios, in which we
choose randomly the beacon’s and vehicle’s initial position and orientation. We restrict
the operation of the vehicle to an area larger than the beacon’s position (|[*p|| >
||[¥b|| + €) and the inputs of the system are chosen such that Proposition 6 holds. The

rest of parameters are set with the values of Table 3.

Table 3: Simulation parameters (without ocean currents)

Parameter Variable Value
Vehicle’s angular velocity r 0.025 rad /s
Vehicle’s linear velocity By (0.7,0]"Tm/s
Beacon’s angular velocity Wi 0.5rad/s
Manipulator’s length I 2m
Simulation time t 200s
Standard deviation noise range sensor - 0.3m

Regarding the state observer, we assume that the initial condition is initialized with
a random Gaussian distribution with mean equal to the real value and standard de-
viation of £30% from the real value. The Kalman filter parameters were chosen as

Qr = 1 x 10~3diag([1,1,0.01]) for the process noise covariance matrix, the output noise
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variance as R; = 0.3%, and the initial estimation error covariance Py = I,,. The per-
formance of the steady state is represented by mean absolute error (MAE). The steady
state MAE is obtained from the last 20 s of simulation. The average steady state MAE
for vehicle’s position is 0.87m with a standard deviation of +0.75m; and for beacon’s
position is 0.041 m with standard deviation of £0.037 m. Figure 38 shows an histogram
of the steady state MAE from all 100 simulation.

20 _ 257 _
15 20
u Z = 0.041 [m]
0 z=087[m 15 s = 0.037 [m]
s=075[m] o
5 5
o WL ELL] | |_| o ML M |_|
o 1 2 3 4 0 005 01 015
MAE [m] MAE [m]
(a) Vehicle’s position (b) Beacon’s position

Figure 38: Histogram of the steady-state MAE for EKF simulation without ocean
currents. There worst case scenario gives an steady-state MAE of 4.3 m in the

vehicle’s position.

Recall, that the average MAE is not just described as a particular value but instead as
a confidence interval where the level of uncertainty is established as 95%. Then, for
95 % of simulations the steady-state MAE for the vehicle’s position is contained in the
interval (0.7490,0.9987) m, and for the beacon’s position (0.0347,0.0470) m.

Additionally, to understand which was the worst case scenario not only due to the
steady state error, we evaluate the performance by applying the integral of the square
of the error (ISE). The ISE is obtained from the whole simulation time (200s). This
metric gives us a quantitative behavior of the transient for all 100 simulations. Figure 39

shows an histogram of ISE from all 100 simulation.

In the worst case scenario, the vehicle’s initial position was set to Zpy = [19.20, 36.16] " m
and the beacon Zby = [0.96,1.75]" m. The state observer was initialized with Zp, =
[8.50,36.03]7 m and the beacon Tby = [0.52,1.92]7 m. Figure 40 shows the vehicle’s
trajectory and its estimation. Notice, that at the begin is a large error between the real

position and its estimation. Additionally, the norm of the estimation errors are shown
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Figure 39: Histogram of ISE for EKF simulation without taking into account ocean
currents. The worst case scenario corresponds the same having the worst steady state
MAE.

in Figure 41. In the worst case scenario, EKF takes the complete simulation time to

converge to the real value.
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Figure 40: Vehicle’s trajectory and its estimation for the EKF. Notice that the filter
takes time to converge, but at the end of the simulation is close to the real value.
Additionally, we let the simulation run more time and after a while the error

converges to zero for all cases.
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Figure 41: Norm of the estimation errors for the EKF. Notice that the first 200s there

is a large estimation error in the vehicle position.
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Another interesting scenario to show is one that lies between the confidence interval.
The vehicle’s initial position was set to Tpy = [24.41,15.52]" m and the beacon Tb, =
[1.20,1.59]" m. The state observer was initialized with Zpy = [22.96,15.28]" m and
the beacon by, = [0.94,1.76]7 m. Figure 42 shows the vehicle’s trajectory and its
estimation. Notice, that at the beginning there is a large error between the real position
and its estimation. Additionally, the norms of the estimation errors are shown in
Figure 43.
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Figure 42: Vehicle’s trajectory and its estimation for a simulation that lies within the
CI using the EKF.
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Figure 43: Norm of the estimation errors for a simulation that within the CI using the
EKF.

B.2. EXOGENOUS KALMAN FILTER

Based on the results of Chapter ??7, we propose an XKF observer for the nonlinear
system (B.1) introduced in Appendix B.1.. We applied the same methodology described

in Figure 18 for the system without currents.

o LQF for the state augmented system: the first step in the approach is to design
an LQE for the augmented-state system represented by Equation (2.23). This
observer has the form

Zy1 = 2, + h (A(g)zy, + Buy, + L(jx — Ciy,)) - (B.3)

where 2, € R? is the state estimation vector, L € R satisfies L = PCTR™! and
P = E{(z(t) — 2(t))(z(t) — 2(t)) "} satisfies the algebraic Riccati equation (3.7).
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Additionally, the matrices A, B and C' are given by

—S(rg) LW, Lo 0 0 0 0
0 —S(rg) —Wm, Ia 0 0 0
Aluy) = 0 (Wi, — 1) L2 0 0 0 0
—28y[ 0 0 0 2lpwm, 0 |’
0 —By[ 0 0 0 — W,
0 0 Bvl 0w, 0
I, 0 0 |
0 0 0
s_|0 00 |
0 0 0
0 I, 0
0 0 0 |

C=10 001 0 0f.

Recall that g, # yx. The output of the augmented-state observer (B.3) is
related to the original measurement as 7 = y7.
Inverse state transformation: the state estimation z; € R? is related with the

original system through the following inverse state transformation

)_( - ilk _ ilk
k= | _ = . R .
X2, atan2 (R¢z3ke2, Rngkel)

Linearized Kalman Filter: now, X, is used as linearization point to build the

(B.4)

Kalman Filter. A first-order Taylor series expansion of (B.1) about the trajectory

X gives the linearized model

X1 = F(Xp,up) + Fr(Xp — Xp) + €4, + DG, _
) (B.5)

Uk = 9(Xp) + Hi(xp — Xi) + €y, + K,

where €,, and ¢, are the high-order terms in the linearization processes, Fj, and

Hy, are the Jacobian matrices around the state trajectory X, given by

Fo— 8f(5ck,uk) o IQ—hS<Tk) _hlmwmkR;l/,—kW (J_ng>
T ox 0 1 ’

m, o~ 2956w [ %1, ]

ax HilkH
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Then, the Linearized Kalman Filter (LKF) formulation for the system (B.5)

in the predictor-corrector form is given by

ff;;rl = f(ffk:, uy,) + (X, — ik),} (B.6)
P, = FP.E + Q,
and the correction equations are given by
Tk = Uk — 9(Xa) — Hi(X50,1 — 1), )
Sky1 = HyPy, Hy + Ry,
Ky1 = p/?+1Hk:TSi;i1a (B-7)

Xpt1 = X + K1 Ui

Piy1 = (I — Ky Hy) P;;ry

V

To test the observer, we run a Monte-Carlo simulation with 100 scenarios, in which
we randomly choose the beacon’s and vehicle’s initial position and orientation. The
conditions are the same as the EKF, where we restrict the operation of the vehicle to
an area larger than the beacon’s position (|[Zp|| > |[*b]|| + €), the foregoing in order
to avoid collisions or entanglement between the vehicle and beacon. The inputs of the
system are chosen such that Proposition 6 holds. The parameters and inputs are set
with the values of Table 3.

Regarding the state observer, we assume that the initial condition is initialized
with a random Gaussian distribution with mean equal to the real value and stan-
dard deviation of £30% from the real value. The LQE parameters are chosen
as Q@ = 0.001 diag([1,1,0.001 ones(1,7)]) for the process noise covariance matrix,
and the output noise variance as R = 0.1. The LKF parameters are chosen as
Qr = 0.001diag([1,1,0.001}), Rx = 0.

Py = I,. All 100 simulations converge and the performance of the steady state is repre-
sented by mean absolute error (MAE). The steady- state MAE is obtained from the last
20s of the simulation. The average steady-state MAE for vehicle’s position is 0.31m

3%, and the initial estimation error covariance

with a standard deviation of +0.17 m; and for beacon’s position is 0.09 m with standard
deviation of £0.036 m. Figure 44 shows an histogram of the steady-state MAE from all

100 simulation.

Recall, that the average MAE is better represented as a confidence interval where the

level of uncertainty is established as 95%. Then, for 95% of simulations the steady-
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Figure 44: Histogram of the steady state MAE for XKF simulation without taking
into account ocean currents. There worst case scenario gives an steady state MAE of

0.78 m in the vehicle’s position.

state MAE for the vehicle’s position is contained in the interval (0.2788,0.3351) m, and
for the beacon’s position (0.0837,0.0957) m.

Finally, to understand which was the worst case scenario not only due to the steady-
state error, we evaluate the performance by applying the integral of the square of the
error (ISE). The ISE is obtained from the whole simulation time (200s). Figure 45

shows an histogram of ISE from all 100 simulation.
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Figure 45: Histogram of ISE for XKF simulation without taking into account ocean

currents. The worst case scenario corresponds the same having the worst steady-state
MAE.
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Now, we show the time-history of the state estimation in the worst case scenario and one
scenario within the CI. In the worst case scenario, the vehicle’s initial position was set
to Ipg = [47.03,40.01]" m and the beacon by = [0.41,—1.96]" m. The state observer
was initialized with Zpy = [47.21,42.07]7 m and the beacon by = [0.13, —1.99]T m.
Figure 46 shows the vehicle’s trajectory and its estimation. Additionally, the norms of
the estimation errors are shown in Figure 47. There is a large error at the beginning,

but it converges at the end of the simulation.

| |——— Trajectory
90 . . -
— — —Estimation ST~
O Po

80 [ =] f)(]

20 30 40 5 60 70 80 90 100 110
East [m)]

Figure 46: Vehicle’s trajectory and its estimation. Notice that the filter diverges at

the beginning, nevertheless at converges close to the real value.
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Figure 47: Norm of the estimation errors for the XKF. Notice that at the beginning

the estimation error reaches almost 50 m.

The other scenario was the one that lies between the confidence interval. The ve-
hicle’s initial position was set to Tpy = [29.27,22.99]" m and the beacon Tb, =
[—1.38,—1.44]" m. The state observer was initialized with Zpy = [30.02,22.73]" m
and the beacon Tby = [~1.28, —1.40] T m. Figure 48 shows the vehicle’s trajectory and

its estimation. Additionally, the norms of the estimation errors are shown in Figure 49.
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Figure 48: Vehicle’s trajectory and its estimation for a simulation that lies within the
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Figure 49: Norm of the estimation errors for a simulation that within the CI using the

XKF.
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