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ABSTRACT

This work develops a global version of the Method of Approximate Particular Solutions
(MAPS) as [17] or in the works of Bustamante [12]|, who have been researching and
applying this method in different investigations and problems. This is due to its char-
acteristics such as RBF Collocation system, its mesh-free environment, great efficiency
and precision in its approaches, easy to implement and its easy adaptation to different
types of boundary conditions making it a powerful and robust numerical method for
solution of partial differential equations. Two MAPS formulations are studied here, in
the first one particular solutions of non-homogeneous linear Poisson equations for scalar
problems are used and in the second one particular solutions of a non-homogeneous
Stokes system for multivariate problems.

The results obtained are accurate, due to the integration process that it has incorpo-
rated, which provides a smoothness in the solution unlike the derivation process that
is carried out in other methods. Hence the problem variable is not approximated as
in Kansa’s method, The RBFs are approximated by the differential operator and the
particular solutions obtained are used to approximate the variables of the given prob-
lem. When multivariate flow problems occur, the components for velocity and pressure
in the momentum equation are approximated by the particular solutions of the non-
homogeneous Stokes equation system, which means that an integration strategy that
links velocity-pressure is not needed, since the particular solution of pressure is in terms
of speed.

Initially, two problems are solved to verify the implementation of the MAPS in order
to solve boundary value problem, the first one is a scalar problem whereas the second
one is non-homogeneous Stokes flow problem, and results are compared with their
respective exact solutions. Then the work is focused on identifying the influence of the
different boundary conditions in the MAPS, where the easy adaptation of the method
to arbitrary boundary conditions is evidenced. For this, a scalar problem is solved, then
a homogeneous vector problem and finally an inhomogeneous vector problem. These
results are compared with the exact different solutions for each case. Thirdly, electro-
kinetic fluids in microchannels are studied, which allows us to know the physical nature
of the problem while showing the great development and research interest in this subject.



Finally, pressure-driven fluids, electroosmotic flows and mixed flows are studied; These
fluids are initially developed in micro channels and finally in nanochannels through the
implementation of the MAPS.

In summary, the main contribution of this work is the development of a meshless nu-
merical method based in RBFs which is implemented to solve the flow problem within
and between the interface of two nanochannels of a proton exchange membrane in a fuel
cell, which becomes an advance in the field of mathematics since a meshless method is
developed to solve mixed electro-kinetic fluids (pressure driven flow and electro-osmotic
flow) that are not reported in the literature to solve this type of problem, as well as a
contribution to the field of applied mathematics.

KEYWORDS:

Radial Basis Functions, meshless methods, MAPS, Stokes system, electrokinetic fluid,
micro and nanochannel




INTRODUCTION

In recent decades, the use and development of meshless methods has increased, as is
the case of RBF collocation methods, which have recently been applied to a variety of
problems within science and engineering. These allow to eliminate the difficulties of the
traditional methods of preprocessing the mesh and its efficiency. But nevertheless, we
are interested in this type of methods with RBF collocation because of its ease of im-
plementation to solve problems in two and three dimensions, its rapid convergence and
its flexibility when applying arbitrary boundary conditions. In addition, interpolations
with RBF have shown to be quite robust, although this contradicts their dependence
on the shape parameter, current research topic to find its optimal value. On the other
hand, this work used a global RBF scheme to solve PDEs and, like the literature, it
was evident that the matrix of the system is affected by the accuracy of the solution,
a situation that arises when the number of nodes increases of the system in search of a
better precision which is related to the bad conditioning of the matrix.

Meshless methods using radial basis functions (RBF) have been studied in recent years
due to their simplicity of implementation, high rates of onvergence and flexibility. RBF
have been widely used in continuous interpolation [11| and global dispersed data sets.
This interpolation strategy has become the basis of meshless methods for solving PDEs
through the development of the Kansa method [44]. Kansa used the Multiquadric (MQ)
function to obtain an accurate solution meshless for the advection-diffusion equations
and Poisson Chen in [16], although the Kansa method was used by many authors to
solve Laplace equations [15, 45, 62|, |21, 61, 62] Poisson equation, Helmholtz equation
[19] and Parabolic [17] which show better accuracy compared to the traditional methods
[15, 19, 57, 100]. In [45] the authors concluded that the bad conditionality of the matrix
worsens as the number of nodes increases.

The Method of Approximate Particular Solutions (MAPS) was developed initially by
Chen to solve PDE for linear problems in two dimensions (see [17, 21, 72|) with the
purpose of finding a set of coefficients that are approximated by numerical schemes
based on radial basis function to approximate a particular solution. In [17] the authors
solve scalar problems with elliptic PDE as Poisson type [76], Helmholtz and Biharmonic
[29] and in [16] presents the method to solve elliptic PDEs with variable coefficients



(see |28, 75]), showing how simple and easy is to apply the MAPS. During the last
two decades, the MAPS have been used extensively in diverse investigations to solve
problems of convection-diffusion [39, 92, 28|, In [84] uses RBF trigonometric for the
solution of PDEs, elipticos problems [103] and at local level [97, 96, 66], see also [51, 59,
54]. Tt is important to note that the scheme developed by Chen is based on particular
Poisson solutions to approximate the PDEs. On the other hand, Bustamante et al. |13]
develop a MAPS scheme to solve a vector equation of a Stokes flow, which was also
implemented to solve the Navier-Stokes equations in [14, 30, 31, 25, 101], and elasticity
problems [12].

The MAPS presented previously, is intended to be used to solve electrokinetic fluids in
nanochannels, which are important in various chemical and biomedical analyzes. We
are based on the theory developed by |56] and [46] with respect to the electrokinetic
flows, |36, 73, 32|, which have been studied in two major subtopics: the first one, are
the pressure-driven fluids [93, 63, 40, 38|, which occurs when a liquid is forced through
a channel under applied hydrostatic pressure, resulting in an electric current in the
direction of flow pressure-driven, see also [67, 77, 35]. The second ones are the electonic
fluxes [102, 55, 88|, which consist of those fluids that move under the influence of an
applied electrical force, that is, the electroosmosis that allows the pumping of fluids
and the flow control using electric fields. In addition, the velocity profiles for this type
of flow are mostly uniform; this type of fluid was initially studied in microchannels |74,
43, 87, 91], but in recent years has been growing greatly investigations in nanochannels
[98, 20, 64, 68], see also the works [47, 71, 77, 99].

We are interested in the phenomenology of PEM membranes, since these constitute an
important factor in the operation of fuel cells. Tt is for this reason that the modeling
of fuel cells is very useful for the developers of these technologies, as it can lead to
improvements in the design of fuel cells. The improvements necessary for the operation
and operation of the fuel cell require one in design, materials and optimization. There
are many published models for PEM fuel cells in the literature, but it is often a daunting
task to begin to understand the complexity of current models [34, 5]. According to [24]
the multi-scale models lose too much precision compared to those that focus on a specific
component, see also [50]. Research in this type of technology has used different types
of approaches for the modeling and simulation of the PEM membranes, such as the
work done by [37, 90, 47]. They present results that use molecular dynamics [1, 26, 46],
consider that the larger radius leads to faster diffusion of the proton, in the same way
[42, 33, 4, 83] obtained similar procedures and approaches, see also [80, 41].

Peighambardoust et al. [69], it shows us a detailed review of the evolution in investiga-
tions carried out on proton exchange membranes and the importance they have for the
operation of a fuel cell, while in [89], they consider that high temperature proton ex-
change membrane fuel cells (HT-PEMFC) It has several advantages, such as high proton
conductivity, low fuel permeability, low electroosmotic drag coefficient, good chemical




/ thermal stability, good mechanical properties and low cost. Similarly [23| shows the
different materials that are currently considered for membrane manufacturing, see also
[89], [85] and [52].

One of the most interesting studies regarding the investigation of the phenomenology
of the transport of flow of loaded fluid, is the one proposed by [48] which propose a
hydrodynamic model that allows them to describe the flow of charged fluid and the
change of pore morphology due to mechanical deformations, solve a set of numerical
coupled nonlinear equations, based on the experiments of [9, 81, 86|. Berg et al. [10],
the equilibrium form of the interface representing the lateral limit of a channel of the
pore embedded in an elastomer is studied. In the models proposed by [48, 49] they
affirm that an ohmic resistance is observed between the interfaces of two electrolyte
membranes of joint polymer, of which no theoretical explanation is found. Also they
propose a new model for the flow of fluid loaded in and between the nanochannels and
investigated numerically, they solve it for velocity, pressure, electrical potential and
proton concentration. Finally the work of [7] by means of an uncoupled continuous
model studies the distribution and the flow of protons inside a cylindrical nanopore
filled with water of a PEM, in it the Poisson-Nernst-Planck equations are modified.

From the review shown above we can see the importance of the electrokinetic flows
and the role they play when investigating the flow of fluid in PEM membranes, besides
it is evident that these have not been solved with the MAPS method. Taking into
account the importance of developing new numerical methods and diversifying its field
of applications, in this work we set out as the main objective the following:

OBJECTIVES

To develop a meshless numerical method of RBFs with approximate particular solutions
to solve the 2-D Stokes flow problem in and between the interface of two nanocanales of
a proton exchange membrane (PEM) in a fuel cell, allowing the identification and char-
acterization of the factors that generate the electro-ohmic resistance in the transport
of protons in a nanochannel.

For the development of the overall objective the following specific objectives are pro-
posed:

e Study the characteristics of the meshless numerical method of radial basis func-
tions with approximate particular solutions.

e Solve the linear and non-linear scalar problems for the Poisson equations for the
electric potential and Nernst-Planck equations in the proton concentration of the




proposed model.

e Solve Stokes’ flow problem, coupled with the equations of the electric potential
and proton concentration.

e Validate the results obtained and the efficiency of the meshless numerical algo-
rithm based on RBFs with approximate particular solutions identifying the effects
generated by the electro-ohmic resistance in the transport of protons in a PEM
membrane.

THESIS OUTLINE

This work the method of approximate particular solutions global in two dimensions,
where we study numerically the solution of electrokinetic fluids and their application
to proton exchange membranes (PEM) in a fuel cell. This document is organized as
follows: in Chapter 1, the MAPS is presented for scalar problems as in [16] and it is
also presented for multivariable problems as in [13]; once the results are presented of
implementing the global MAPS, some general observations are made. In Chapter 2,
the influence of boundary conditions in the MAPS is presented, for this, three types
of problems are solved, the first a "Slip Flow" for a homogeneous Stokes fluid, second
a connective laminar flow between parallel vertical plates this for a non-homogeneous
Stokes and finally a scalar problem is solved and the results are compared in these three
situations. In Chapter 3, a general theory of electro-kinetic fluids is shown as in [46],
a formulation of these fluids for cylindrical and rectangular microchannels is presented
which is done for two general cases for pressure-driven fluids and for electro osmotic
fluids. Finally, in Chapter 5 the MAPS is applied to solve problems of electro-kinetic
fluids in two nanochannels of a PEM membrane of a fuel cell, a solution that is made
for a mixed flow driven by pressure and electro osmotic.




Chapter 1

GLOBAL METHOD APPROXIMATE
PARTICULAR SOLUTIONS

In this section we show the theoretical foundations of the method of approximate par-
ticular solutions (MAPS), which was developed by [17] to solve PDE for linear problems
in two dimensionswith the purpose of finding a set of coefficients using RBF numerical
schemas and approximate a particular solution. The authors solve a elliptic equations
for a problem of Poisson type. In addition, they solve the equations of Helmholtz and
Biharmonic and in [16] they presents the method to solve Elliptic PDEs with variable

coefficient, showing how simple and easy to apply is the MAPS.

Unlike the contributions of [17] and [16], Bustamante et al. [14] and [13] particular
solutions of Stokes are used to approximate velocity and pressure, We use this procedure
to solve a scalar problem and a vector problem. The particular solutions of Stokes and
Poisson are used to study the problem of electro-osmotic flow in a membrane channel
PEM, given by the model Kimmerle et al. [48|formed by the steady state Poisson-

Nernst-Planck-Stokes equations.



1.1 Global MAPS for Linear PDEs

Now we present the global MAPS scheme which was proposed by [17]. Consider a
boundary value problem, where L and B are linear partial differential operators that

apply in the 2 domain of the problem and its I' boundary, such as:

L(u(@)) = f(7) VaeQ (1.1)

B(u(¥)) = g(Z) Vaxel (1.2)

where f and g are known functions. The unknown variable u can be approximated by

RBF using the MAPS, such as:

u(Z) =) aniy(r) (1.3)

where w is the corresponding particular solution, then we have,

L(u(7)) = Z o L(ug(r)) = Zak¢(rk) = [(Z) (1.4)
L(u(z)) = ¢(rx) (1.5)




then, if uw satisfies the boundary conditions 1.2, we have the expression

B(u(f)) = ) axB(a(r)) = g(7)

Thus, we obtain the following system of equations

S aB((r) = (@)

Z@kd)(ﬁc) = f(@)

(1.6)

(1.7)

(1.8)

The implementation of the MAPS is reduced to solving the following linear system of

algebraic equations:

B[ﬁ(fl, 51)] ce B[ﬁ(fbe” aq 9(371)
B[ﬁ(be, é)] ce B[a(ff\/bv gN)] an, _ g(be)
S| TNe1 — &) - S(|FNye1 — Enl) ANy+1 f(@ny+1)
o1y — &) ... o(lEn —&nl) ay f(zx)

For N, points at the boundary and N; interior points, with N = N, 4+ N;. The solution

of the previous boundary value problem is achieved after solving the resulting algebraic

system for the coefficients .




The particular solution u of (1.5), has previously been used in connection with the
numerical solution of a linear boundary value problem using classical decomposition in
terms of its particular and homogeneous solutions, combined with The Fundamental

Solution Method [29] and with the Boundary Element Method (BEM) [27] to find the

corresponding homogeneous solution.

1.2 Global MAPS for scalar problems

According to [16]. Give the boundary value problem in two dimensions of the form:

0 0
Vit by g by go eyl = foy), @y eR  (19)

Bu = g(z,y), (z,y)€ 0 (1.10)

The equation (1.9) is a Poisson type equation, which we can see if we rearrange, as

(1.11)

v ou Ou
2 f— — —
U = h (x7y7u7 ax7 ay)

where

ou Ou ou ou
h (x7y7u7 8_1‘7 8_y> - _bl(‘rhy)% - bz(x7y)a_y - c(x,y)u + f(‘r7y> (112)

Using the RBF, we have that a particular approximate solution of the solution is given

10



U =Y a®(ry) (1.13)

Where @ is obtained by the analytical solution of the expression

V20 = ¢ (1.14)

S0,

1 3
O(r) = 5(402—1—7“2)\/7“2—1—02— %ln (c+\/7“2+02> (1.15)

where o(r) = V7 + & and r = /(=27 + (4~ )?

Now the solution of the problem (1.9)-(1.10) can be approximated by

u(z,y) ~u= Z a; O(r;) (1.16)

Therefore of (1.14) we have to,

N N
Vi~ Vi = ZaiVQ(I)(ri) = Z a;P(r;), in€ (1.17)
i=1 i=1

11



so we have the expression

h(aj,y, 8u 8u) Za@ i) (1.18)

As the derivatives of the solution can be approximated by the particular solution u we

have,

ou  on N od

e = Zo‘ia_x(”) (1.19)
=1

ou  Ou PN

Therefore we have the following formulation:

=1

This expression is completed with the boundary condition and we have the system:

Zaz"l’(ﬁj) = flz;95) (1.22)
Zaz‘B@(%) = 9(z;95) (1.23)

12



where

a(I)a(;ij) +5($j,yj)aq)a(;j) (s y5)D () (1.2

W(rij) = o(rij) + 0(x;, y5)

1.3 Global MAPS for the Stokes equation

In [13] the MAPS procedure is used, as presented above, to solve elasticity problems
modeled by the Navier equations. A linear combination of the particular displace-
ment solutions is used to approximate the problem variables, that is, the displacement

components in this case.

The procedure proposed by [17], is used in the global Stokes MAPS, but the particular
solutions solve a Stokes system. In addition, the definition of a particular solution, in

terms of an auxiliary potential, leads to satisfy the continuity equation automatically.

Consider a two-dimensional arbitrary region 2 with boundary I'. The steady-state
equations of Navier-Stokes in its primitive variable formulation, with a low Reynolds
number, a system of nonlinear equations for incompressible fluid flow is reduced to the

Stokes linear system:

aui
= 1.2
oz, " (1.25)
Oui o _, (1.26)
M@xjaxj or; '

13



With ¢ = 1,2 for a problem in two dimensions. The natural boundary conditions are

defined by the speed and/or surface tension given by,

8Ui 1 an
8[)3j 8951

tz' = 0in; = —pn; + 1% ( ) Vr € Ft (128)

The particular solution (ul,p') are given by the following non-homogeneous Stokes

system, from the equations (1.26) and (1.25):

W (7€)  OP'(T,€)
c%j@xj 8x,

= ¢(r)oy (1.29)

ouL(z,€)
B e 0 (1.30)

Where the field variables 4! and P! are known as Stokes’ particular velocities and pres-
sures, respectively. The inhomogeneous term in the momentum equation (1.29) is given
by the function ¢ for our case defined as the Multiquadric RBF (MQ), ¢(r) = (r?+c?)'/2,

which depends on r given by the Euclidean distance between a field point 7 and a test

point gand the shape parameter c.

Making use of the decomposition formula of Oseen [70] to find the corresponding fun-
damental solution of the Stokes equations. First, we define the particular speeds in

terms of an auxiliary potential v, as

14



S U0 )

U (T, €) = N L Rl (1.31)

Substituting the velocity representation formula (1.31) in the equation (1.26), the fol-

lowing expression is obtained

) WED _ s (132)

I*Y(r)
. 0x;02,02,,0Tm, ox;

M@xj(?xj@xm(‘)xm

Ot —

By multiplying certain terms by ¢;; leaving aside those that coincide in the subscripts,
we obtain a non-homogeneous biharmonic equation for the potential v, with the RBF

¢ as an inhomogeneous term, next to an expression that relates p with ¢, that is

0"(r)

0%, 0% 00T s

= o(r) (1.33)

M) o9

u@meIm&z:iaxl Ox; =0 (1:34)

By directly integrating the first of these two previous equations, you get the following

expression for ¢ in terms of r.

W(r) = ﬁ %¢(T)(47’4 + 487%c* — 61c*) — A n(c)r® — %(57’2 — 24 In(e + ¢(r))

(1.35)
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Substituting (1.35) in (1.31) and (1.34), you get expressions for 4! and p', in terms of

r, then the expressions for the flow field (u,p) is given as:

N " / TiT 0 T
uﬁ(%f):;{(%w)&l—[%(@—ﬁf)+¢ if}} (1.36)

Where T; = z; — &(i = 1,2), with its corresponding directional derivative

vy m  Zs (W (B B N g (v ¢ | BTy
{{(ﬂ r>+w } r6ll+<r2 T><T6Z]+r6”) [3<r2 r>+w } r3 }

(1.37)

The particular pressure solution is given by the following equation obtained after inte-

grating and expressing in radial terms the equation (1.34):

P [ (-] (1.38)

r2 r

Then, we have that for this case the velocity field v and pressure p of Stokes, are

approximated by the expressions:

ui (T) = Z ol it (ry) (1.39)
p(E) ~ Y akp(re) (1.40)
k=1




Substituting these expressions in the momentum equation (1.26), we have the repre-

sentation of the approximate momentum equation:

N 52t 975 N
> ol [ - D S affotragai) = o (141)
k=1 I ¢

Then, by replacing the equations (1.39) and/or (1.40) in the boundary conditions (1.27)
and/or (1.28), the placement process is completed by obtaining the following matrix

system:

B'la} b, 5] B'[ad, i3, 7) 9]

Ba} b i B2, 7| |lo']|  [lo(@)
) o | led] | o

o @] |0 |

Here, it is generally used the boundary condition B*[uy,us,p] = ¢(T)g, where B* is a
boundary operator and g the corresponding value of the boundary condition. In the
case that a pressure boundary condition is imposed, it would be necessary to prescribe

one of the components of the velocity field, according to the physics of the problem.

It is important to note that the expressions obtained for the particular solution of the
velocity (1.36), its derivatives (1.37) and the pressure (1.38), although there are terms
1/r™ the particular solution obtained it is not singular anywhere in the delimited
domain since the singularities in the terms f—; and ¢7” are canceled in the expression
f—; — an The following expressions for radial derivatives of 1, required for the last

equations, are obtained from (1.35).
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Y 40 4 36rtc® 4+ 39r%ct 4+ 7¢° (5% + 3r2c2 — 243
ro 180(72 + ¢2)3/2) 60(r2 + c2)B/2) [c + (r? + 2)(1/2)]

1 1
— 603 In[c+ (r? + )] - 603 In(c)

o = 1670 + 84rtc? 4 96r2c* + 7¢F (207 + 25r2c2 — 2¢Y) B
N 180(r2 + ¢2)(3/2) 60(r2 + ¢2)B/2) [c + (r2 + ¢2)1/2)]

2 2 2\ .3,.2 1 1
+ (5r” = 2¢)cr s —=lnfe+ (1 + )] = ~c*In(e)
60(r2 +c2) [c+ (r2 + ) /2" 6 6

m T6rt +176r2¢* +285¢t (41 4 48r%c? — 61ct)

300(r2 + ¢2)(/2) 300(r2 + ¢2)(/2)
(107% + 15r2¢% — 2¢h)3r (572 4 22¢%)c3r
20(r2 + )2 [c+ (r2 + 2)72] T 20(r2 + 2)BD [c + (12 + 2)1/2)]
(=5r% +2¢%)c3r? (=5r% +2¢%)c3r?

* 20(r2 + 2)65/2) [c + (r2 + ¢2)(1/2)] + 30(r2 4 ¢2)B/2) [c + (r2 + 02)(1/2)]3

Finally, due to the relationship between the expressions of the particular velocity solu-
tion and the pressure in the equation (1.34), it is not necessary to look for a velocity-
pressure coupling. In addition, the formulation fulfills the mass conservation, since the

particular solution exactly satisfies the continuity equation.
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1.4 Numerical Results

In this section we solved some problems that helped us to implement generic codes for
the MAPS. At the beginning, the main intention was to verify the performance of the

method, review its behavior to solve scalar and vector problems.

To determine the accuracy obtained, the errors are evaluated in terms of the relative

root-mean-square error (RMSE) which are given by:

RMSE — \/%Zf\; |ui — ]2 (1.42)
B maz|ul '

where u; is the approximate solution and u; the analytic solution.

1.4.1 Scalar problem

We present a scalar problem given by a 2D Poisson equation with Dirichlet boundary

conditions (for more details see [82]) given by:

Au = sin(mzx)sin(ry), 0<z,y<l1 (1.43)

u(z,y) = 0, along the boundaries (1.44)

Which has the exact solution u.(z,y) = —1/(272) sin(7z) sin(7y)
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N c=12e"1 ]| c=1.2e3
441 | 1.3402¢=° | 7.1950e°
961 | 3.2996e7% | 2.5842¢7°
1681 | 5.6170e=" | 1.2755e~°

Table 1.1: RMSE errors according to discretization size and shape parameter

The figure 1.1 shows the results for two different values of the shape parameter, there
is not a noticeable difference between them. However, the 1.1 table shows the errors

for various discretization and the two values of shape parameters.

In the table 1.1 it can be seen how for the large shape parameter better solutions are
obtained, however in both cases good approximations are achieved, see for example [16]

and [14].

1.4.2 Vector problem

Secondly, we solve a vector problem similar to the one in [18], which solves an inho-
mogeneous Stokes equation on the domain 2 = (0,1) x (0,1). For our case, we apply
Dirichlet boundary conditions over the entire bounday 0. The differential equation is

given by:

—u(Vu+Vu') +Vp = f (1.45)

V.u=0 (1.46)

Along with the boundary condition
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U = UAnalytical, OI o0

Where the exact solution is given by the following expression:

i = (2 + 82%y — 6zy”* + 10y>,102° —

The solution to this problem allowed us to verify the operation of the code for the

solution of vector problems. In the figure 1.2, we show the results for velocity "u" and

32y — 8xy® + 2y%)7T

p = 42° — 6xy?

in the figure 1.3 for velocity "v", on the lines x = 0 and x = 1.

Welocity inx =10

nar

0ar

07

06|

04

03p

0.2

01f

Welocity inx =1

(1.47)

(1.48)

(1.49)

Figure 1.2: x-Velocity component comparison in: a) x =0, b) z =1

To verify the operation of the method when performing the reconstruction of the deriva-

du

tives, we calculate the derivative £* which was compared with the derivative of the

dy

analytical solution, which can be seen in the figure 1.4.
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Figure 1.4: Derivative from the solution: a) x =0, b) x =1
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Finally we perform the reconstruction of the traction, whose y-component is shown on
both z = 0 and on y = 0 lines, In figure 1.5. The other components are not illustrated

since they show a constant behavior.
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=20 <15 -0 A 1] ] as 1
Tr X

Figure 1.5: Traction

1.5 Final Remarks

In this section, we solved two problems using MAPS, which allowed us to create generic
codes for both scalar problems and vector problems. The solution of these verification
problems demonstrate the good behavior of the MAPS and is novel and little has been

used to solve PDEs.

In the following chapters we will show how the choice of a type of boundary condition
can influence the MAPS, and we use it to solve a problem that models the flow of gates

through a PEM membrane.

24



Chapter 2

INFLUENCE OF THE BOUNDARY
CONDITION IN THE MAPS

For the solution of differential equations many numerical methods have been devel-
oped such as finite difference method (FDM), finite element method (FEM), boundary
elements method (BEM) and some recent meshless methods base on radial basis func-
tions (RBF), such as the Method Approximate Particular Solutions (MAPS) (see [17]
and [14]). However, one factor to be taken into account is how (BC) affect the com-
putational domain and the application of the method, since these are mathematical

approximations and simplifications of the reality.

Ataie-Ashtiani et al. [3], the influence of boundary conditions on density-dependent
fluid is investigated, the authors state that more research is required to evaluate the
impacts of BCs and demonstrate that the choice of BCs for dependent flow problems
the density, more care should be taken in the studies and simulations made. On the
work [22] the authors propose a strategy for choosing effective boundary conditions
in the solution of compressible flow problems, they claim that it is possible to get
better approximation when Dirichlet boundary conditions are applied and also the
computational cost is reduced. While [6] study numerically the effects of different

boundary conditions on the surfaces of the computational domain extended over a



natural convection flow in an open cavity, they conclude that BCs have a sensitive
effect within the cavity, since they observed changes in the characteristics of flow and

heat transfer within the cavity occurred due to the different BC.

The work done by Madhavan in [60] studied the sensitivity of cardiovascular flow under
the influence of different boundary conditions on entry and exit in a patient-specific
aorta model, affirming that most researchers choose to guess this type of condition be-
cause it is difficult and expensive to measure. In addition, they found that entry velocity
conditions affect significantly only the flow region near the entrance and their study in-
dicates that the exit conditions influences a greater percentage of the domain solution.
On the other hand [65] try to show that for arbitrary boundaries of a computational
region in a subsonic flow and shock waves, the numerical treatment of such limits can

be physically defective and suggests what actions to take, when these situations arise.

As is affirmed in [60], this type of decisions does not only affect this type of situa-
tions, it is also presented when using a numerical method to solve a problem, due to

simplification made to the models.

In this chapter we intend to show the influence of the choice of these boundary conditions
in the MAPS with RBFs.

Now we consider two problems which are solved with the MAPS. We study the effects
of the number of nodes and type of boundary condition can on the precision of the

method. The results are compared with the respective analytical solution.

2.1 Problem 1: Solution of Slit low problem

We solve the Slit flow problem, in a straight channel of length L = 4, applying different
types of boundary conditions in the entrance and exit of the channel, over the domain
Q = [0,4] x [—1,1], presented in figure 2.1. The governing equation for the Slit flow

problem is given by:
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If the fluid velocity is @ = [u, 0] and assuming slip wall boundary condition. Which can

be reduced to the expression:

0*u AP
u = 0 in y=w (2.4)
d
d—Z =0 in y=0 (2.5)

Figure 2.1: Domain of the Problem

Ay
ulx,y)=0
ry
“J'
T y) =2 v T(x,y) =2
Ll xl’
(0.0)
u(x,y) =0

The problem that arises in the equations (2.3) y (2.5), has as an exact solution:

AP, 9

= —(y° — 2.6
T A (2.6)
Where AP is the pressure gradient with a value of —90Pa, where P=100 on channel
input y P=10 on output , w = 1 is the distance from the center of the channel to

stop, and g = 1 is the viscosity. In addition, for this problem we use two types of
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Type 1: Traction | Type 2: Dirichlet | Type 3: Mixed | Type 4: Analytical Traction
IN (2) (0) [ Q=0 [ 5=
our|  (3) (0 [@=C) [ H=0D
Table 2.1: Types of boundary conditions (IN, OUT channel input and output, w,
component 'y’ of the speed, 7, component 'x’ of the traction and ‘é—; is derived)

discretization: one performed with a distribution of uniform nodes, and another with a
distribution of nodes adapted in the direction of the axis "z" towards inlet and outlet

boundaries.
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Figure 2.2: Domain discretization, N = 3200

The table 2.1 shows the types of boundary conditions used in this problem. It is
important to note that the Type 1, is taken as in [48] in which traction is imposed as

the pressure in the component 'x’ and zero speed in the component "y’.

The figure 2.3 shows the velocity profiles for a uniform point discretization of the
boundary conditions used in this problem, and in the figure 2.4 the profiles for an

refined point discretization at x are shown.

The figure 2.5 shows the velocity profiles at the entrance (z = 0), exit (x = L) and in
the middle of the channel (x = L/2), the comparison with the analytical solution shows
a good approximation obtained with the MAPS, and table 2.2 shows the dogs for each
type of BC with a uniform discretization.

For this problems, it is important to reconstruct the derivative %Lyﬂ” and the traction,
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Figure 2.3: Velocity profiles for uniform points (N=3200) for different boundary condi-
tions
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(c) BC Type 3 (d) BC Type 4

Figure 2.4: Velocity profiles for adaptive in x points (N=3200) for different boundary
conditions.
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(c) Profiles in x = 4

Figure 2.5: Velocity profiles of BC for N = 3200
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Figure 2.6: Error of the Velocities of theBC Type 1, 2, 3 and 4 for N = 3200
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because they are influencer variables of the problem, since it allows us to show the
precision of the method and shows us the behavior of the problem. In addition, it is
crucial to observe how the application of different types of boundary conditions affects
the obtained values form the MAPS application. The figure 2.7 shows the reconstruction
of the derivatives in the entrance, half and exit of the channel, besides the figure 2.9-2.12
shows the reconstruction of the traction, in type 1 we obtained more imprecise values

while for the other types these are improved.
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Detived in x =4

0.4r

L6

1 i
100 150

(c) Derivative in x = 4

Figure 2.7: Derivatives of BC for N = 3200

For condition type 2 and 4 similar results were obtained for traction and pressure
reconstruction, in the figure 2.13 the reconstructed pressure for condition type 1, 2, 3
and 4 are shown, in which it can be evidenced as at the entrance of the channel it takes

the value of 100 at the entrance until reaching the exit with a value of 10, thus fulfilling
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Uniform

N Type 1 Type 2 Type 3 Type 4
450 || 3.74 x 1071 | 2.22 x 1073 | 2.562 x 1072 | 3.36 x 102
800 | 7.86 x 1072 | 2.09 x 10~* | 1.52 x 1072 | 1.29 x 10~*
1800 || 2.84 x 1072 | 4.72 x 107 [ 9.23 x 1072 | 9.17 x 107
3200 || 418 x 1072 | 7.89 x 107 | 5,19 x 1073 | 5.20 x 1073

the pressure gradient. Although in the reconstruction of the pressure of the condition

type 2 at the entrance of the channel has the value of 40.3 and at the exit of the channel

Table 2.2: RMSE error discretization uniform

it has the value of —49.1 the pressure gradient is fulfilled.

120

100

Figure 2.13: Pressure in y = 0 for N = 3200, Uniform discretization

In the figure 2.14, the RMSE variation is shown according to the node distribution N,
in which it can be seen as in figure refErrRMSE-N (b) the error is stabilized for the

(c) Pressure BC Type 3

(d) Pressure BC Type 4

BC type 1 and manages to improve the error for the other BC.

Finally in the table 2.2 and table 2.3, it is shown the RMSE error obtained with the
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Refined x

N Type 1 Type 2 Type 3 Type 4
450 || 4.25 x 1072 | 2.14 x 1072 | 8.48 x 10™* | 8.48 x 10~*
800 || 3.99 x 1072 | 2.60 x 10~* | 3.99 x 10~* | 3.99 x 1074
1800 || 4.13 x 1072 | 2.56 x 1072 | 4.65 x 1072 | 3.81 x 10~
3200 || 4.05 x 1072 [ 4.46 x 1072 [ 7.92 x 1072 [ 1.06 x 10~

Table 2.3: RMSE error discretization refined in x

Error

i “Type 1 :

Type 2 |

DUB | oo o Type 3 |

: Typed |

1P S N :
= 03p =
2 =
w i
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N

Figure 2.14: RMSE error vs N in a) Uniform discretization, and b) adaptive discretiza-

tion in x
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different types of boundary conditions, this is calculated for the uniform and refine.

According to the results obtained above, it shows the importance of selecting the correct
boundary conditions when solving a PDE problem. For Type 2 and 4, good approxi-
mations of the solution are obtained, so they cannot be ruled out, however, the Type 3

condition shows consistent results and according to the physics of the problem.

2.2 Problem 2: Laminar Convective flow between par-

allel plates

Given an energy balance at steady state within the laminar boundary layer is given by:

e (w2E 40,25 = 82—T+82—T + (au”"’)2 (2.7)
A uyﬁy — P\ as2 02 K oy '

Considering a fully developed fluid, if neglecting the effects of friction and axial condi-
tion, see the figure 2.15, and assuming that 7" is independent of 'y’, the energy balance

equation is reduced to:

o*T
i 2.8
o (28)
with boundary conditions
T = Tg, r = X (29)
T = Tl, r = —Xp (210)

So, integrating to equation (2.2) we have the expresion
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Ty — T Ty — T
_ 1o Ly 1o 1

T
21’0 2
In its dimensionaless form, with 7}, = % we have
r-T, =«
Tl - Tm B Zo

Now, the moment equation is given by:

uN*u —Vp = —pBg(T — T,,)
which boils down to expression

0%u

e +pBg(T =T,)=0

whose exact solution is given by

_ gﬁxg(Tl - Tm)

Uy G
P

3
) (=
() ()]
Entering the following dimensionaless variables,

N Uy PCpTo . . .
u o= L dimensionaless velocity
K

(E)?
X

r = — dimensionaless length
Lo

Grashoff number

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
(2.17)

(2.18)
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So we have,

i— é(Gr Pr) (@ — 3) (2.19)

Where Pr = % is Prandtl number. Then, the Rayleigh number can be written as
the product of the Grashof number and the Prandtl number Gr - Pr. This problem is
solved in the domain given in figure 2.15 with Q = [—1,1] x [0, 2], where zy = 1, p = 1,
B = 0.5. With the following boundary conditions:

u; =0, 7,=0 in y=0 (2.20)
u, =0, 7,=0 in y=2 (2.21)
u; =0, u,=0 in z=-11 (2.22)

where 7, is the 'y’ component of traction, in this way we have a boundary condition

mixed given by (u, 7).

i 2X0 |

T: To

Figure 2.15: 2-D domain for the case of two parallel plates

In figure 2.16, shown the results for NV = 2500 nodes distributed homogeneously, these

are compared to the analytical solution. This was done similarly for the values Gr-Pr =
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100 see figure 2.17 and Gr - Pr = 500 see figure 2.18.

Yelocity profiles
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-1 08 06 04 02 o 0z 04 06 08 1 -1 0g 06 04 02 o 0z 04 06 0B 1
(a) (b)
i Derivative profiles
* .duy
L o duy #
15 #-
] ®

du

Figure 2.16: Figure a) shows the velocity profile, in b) the analytical and numerical solution
of the velocity is compared and in c) the value of the analytical derivative is compared with
the numerical derivative. This for Gr - Pr = 50

We various solutions for N = 400,900, 1600 and 2500 nodes are carried out in order
to analyze the effect of nodal distribution on method accuracy, see Table 2.4, where
it is shown that the precision of the method does not depend on the characteristics of
the fluid in a laminar flow. In figure 2.19 and 2.20 traction in z = —1 and y = 0 are
presented., it could be shown that by the symmetry of the problem, the values of the
traction 7,(x = —1) = —7,(x = 1) and that 7,.(y = 0) = —7,(y = 2), so we only show
one of them.

Finally, Figure 2.21 presents the behavior of the profiles when varying Gr - Pr for

velocity and the derivative.
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Figure 2.17: Figure a) shows the velocity profile, in b) the analytical and numerical solution
of the velocity is compared and in c) the value of the analytical derivative is compared with
the numerical derivative. This for Gr - Pr = 100

N Gr-Pr 50 100 500 Condition of the matrix
400 2.34x 1072|232 x 1072 | 2.34 x 1072 2.30 x 107
900 1.24 x 1072 | 1.30 x 1072 | 1.24 x 1072 1.19 x 108
1600 810 x 1072 | 8.44 x 1073 | 8.10 x 1073 1.90 x 108
2500 6.04 x 1072 | 6.13 x 1073 | 6.04 x 103 5.41 x 10%

Table 2.4: RMSE error according to discretization number and GrPr
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Figure 2.18: Figure a) shows the velocity profile, in b) the analytical and numerical solution
of the velocity is compared and in c) the value of the analytical derivative is compared with
the numerical derivative. This for Gr - Pr = 500
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Figure 2.21: a) Velocity, b) Derivative according to Gr - Pr
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2.3 Problem 3: Scalar Problem

It is considered a problem which is taken from[16] which has an elliptic differential

equation with scalar coefficient variable given by:

Au+sin(z + y)u + (xy + xz)g—z +z sinh(y)g—z = f(z,y) (2.23)

Figure 2.23: Problem domain 3

for this case, we have f(x,y) is given according to the analytical solution is given below:

u = ysin(¢zx) + x cos(¢py) (2.24)

This problem is solved in the domain shown figure 2.23 and two different boundary
conditions are considered for its numerical solution. As in [16] the first one is considered
with Dirichlet boundary conditions across the entire boundary of the domain; and the
second one with, Neaumann boundary condition in line y = 0 and Dirichlet boundary

condition in the rest is applied.

20



The profiles of the solution and its derivatives are shown in figure 2.24 first, the Dirichlet
boundary condition is applied and in figure 2.25 Neaumann boundary condition is
applied on the line y = 0. In the table 2.5, it is possible to see that for the first case
the error remains constant, while in the second case, for N = 441 the error increases,
but this improves as the number of nodes increases (N = 961 and N = 1681) until the

error obtained in the First case, see Table 2.5.

du
x

04
. 0 g 0.2 v 0 02 0.4 0.6

X X

0.8 1

(a) Approximate solution (b) Derivative respect to x

du
¥

02

(c) Derivative respect to y

Figure 2.24: Results with BC type Dirichlet: a) Approximate solution, b) Derived in
’x’, and ¢) Derived in 'y’

The table 2.5 shows the RMSE error obtained when solving for N = 441,961 and 1681

for the two cases mentioned above.
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x

06
P 0.6 0.8

0.4
Y X ”

(a) Approximate solution (b) Derivative respect to x

du
Y

02

(¢c) Derivative respect to y

Figure 2.25: Results with BC type Neumann (Mixed): a) Approximate solution, b)

Derived in ’x’; and ¢) Derived in ’y’

Dirichlet Neumann
N U 3—;‘ U 3—;‘
441 16.69x107% [ 9.43 x 1072 | 1.13 x 1072 | 1.87 x 1072
961 | 2.56 x 107* | 4.65 x 1072 | 6.01 x 1073 | 9.84 x 103
1681 | 1.29 x 1074 [ 2.77 x 107* | 3.85 x 1073 | 6.25 x 1073

Table 2.5: RMSE error for the solution and its derivative with respect to 'x’ according

to the type of boundary condition
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2.4 Final Remarks

In this chapter, the influence or implications of the boundary conditions when applying
the MAPS for the solution of a PDE is shown. In the table 2.2 we see the error obtained
for each type of boundary condition applied according to the number of discretization
used, where it can be shown that for boundary Type 1 the best approximation that could
be achieved was for a discretization of N = 3200 nodes with a uniform distribution, this
with an RMSE error of 4.18 x 1072, This is not appropriate since there is no physical
information in the problem to be used and therefore in that case Type 3 would be more

convenient..

On the other hand, when performing a distribution of different nodes (see table 2.3) no
significant improvement of the error for the type 1 boundary was evidenced, something
contrary to what happened with the type 3 boundary that passed from €., = 5.19x 1073
t0 €err = 7.92 x 10712 and the type 4 boundary that passed e, = 5.20 x 1073 to
€err = 1.06x 10711, this for a discretization of N = 3200 node, showing a quite significant
improvement when performing an adaptive discretization in x. The above shows how
the choice of boundary condition significantly affects the results obtained, also shows
that these BCs must be consistent with the physical reality of the problem and can not

be imposed arbitrarily.

The table 2.5 shows the RMSE error for solution and the derivative with respect to
"x", in which it is evident that if the boundary condition is changed, and the PDE
solution remains the same, with a Neumann boundary condition the numerical solution

is worse.
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Chapter 3

ELECTROKINETIC FLUIDS

In this chapter we try to present and provide an explanation that allows us to under-
stand electro-kinetic fluids, this leads us to understand what electroosmotic flows are.
According to [46], electrokinetic effects are important for micro and nanoscale trans-
port applications, as it the case of electroosmosis that allows fluid pumping and flow
control using electric fields, which eliminates the need of mechanical pumps or valves
with movable components. In addition the speed profiles for electroosmotic flows are

mostly uniform.

According to [56], if a stationary solid surface is contact with an aqueous solution and an
electric field is applied, excess counter ions in the diffuse layer of the EDL will move, this
is called electroosmosis. As the ions move, they drag the surrounding liquid molecules
to move with them due to the viscous effect, resulting in a mass liquid movement. Such

liquid movement is called electroosmotic flow (see also [71] and [47]).

3.1 The electrical double layer (EDL)

For [36], electrokinetic phenomena occurs due to the double electrical layer (EDL),
which is formed as a result of the interaction of the ionized solution with static charges

on the dielectric surfaces, generally the solution is electrically neutral although the



Electrostatic charges on the solid surface will attract counterions in the liquid.

Since the ions of opposite charge in the layer protect some of the electrical charges
on the surface, the electrokinetic potential quickly falls through the Stern layer. The
value of ¢ at the edge of the Stern layer is known as potential zeta (, see [46]. The
distribution of ions in the diffuse layer produces a net electric charge, which is related

to the electrokinetic potential through the Poisson equation as:

V2 = —5’;@6 (3.1)

where 1) is the potential of the electric field, p. is the free charge density, ¢ is the

dielectric constants in the middle and gy is the dielectric constants in the vacuum.

Assuming that the equilibrium Boltzmann distribution equation is applicable [56], we

have,

zie
kyT

) (3.2)

Ci = Cioo €XP(—

where ¢;o, and z; are the mass ion concentration and the valence of the ith ions; e is the
charge of a proton, k; is the Boltzmann constant, and 7" is the absolute temperature.

The net electric charge density p. is given by

De = Z ziec;, = e Z 2iCioo €XP(— Zi€¢) (3.3)

i=1 =1

Now if z; = z = constant and we assume a symmetric electrolyte of equal valence
that is in equilibrium with the charged surface, what results is the well-known Poisson-

Boltzmann equation (P-B)

2
_ =% sinh(ﬁ

v2
77/} €€ ka

) (3.4)
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A more general form of the Poisson-Boltzmann equation

9 e w— zie
V2 = -3 s exp(— 3.5
) o0 2 ZiCioo €XP( ka) (3.5)

By introducing the dimensionaless the electric potential ¥ = zevy/k,T, the Poisson-

Boltzmann equation (3.4) can be rewritten as:

VU = k?sinh ¥ (3.6)

222e2cqo
eeokyT

potential is small compared to the thermal energy of the ions, that is, (|zey)| < |kyT|)

where k? = is defined as the Debye parameter -Huckel. Now, if the electric

thus the function of the right side in 3.6 can be approximated by sinh(W¥) ~ W, which

transforms the equation (3.6) to

VU = E*0 (3.7)

This result is called in the literature as a linear approximation of Debye-Huckel, whose

assumption requires that ¥ < 25mV.

3.2 Electrokinetic fluids in a cylindrical microchannel

Consider an electro-osmotic flow of a solution in a cylindrical nanochannel with a cir-
cular cross section. It is assumed that the channel wall has a uniform and constant

potential load or zeta along the channel, see figure 3.1.
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Direction of the flow

Figure 3.1: Cylindrical Microchannel with circular section

3.2.1 Electrical double layer in a cylindrical microchannel

We have that the electric potential ¥ at any point of the liquid is described by the

Poisson equation in the radial direction 'Y’ and axial direction 'X’.

1 0 ov 0?W Pe
—— (yZ= = — 3.8
Y oy ( 6Y) 0X? €€ (3:8)
If we assume that the Boltzmann distribution is applicable, the concentration of ions

for unit volume is of the form

z;el
kT

) (3.9)

Ci = Cioo €XP(—

The net charge density p. is equivalent to the difference in concentration between cations

and anions, like this:

pe(Y) = Z cizie =e Z ZiCino €XP(— T ) (3.10)
For a symmetric electrolyte solution, the above equation becomes:

- eV v
pe(Y)=e Z 2iCioo exp(—Zk:T ) = —2ecoo Sinh(l:b—T) (3.11)

=1
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Substituting equation (3.11) into equation (3.8), and entering the dimensionless vari-

ables.

V=T J

where d is the diameter of the nanochannel, thus we obtain the Poisson-Boltzmann

equation for a symmetric electrolyte solution, given by:

10 o 0% 5 .
(5 ) + 5 = s (3.12)
b\ 1/2
where Kk = (% It is the Debye-Huckel parameter. Taking into account the

symmetry of EDL equation (3.12) it with non-dimensional boundary conditions

oY
pu— _— .1
y =0 5, =0 (3.13)
_ oy _
r =0, 5-=0 (3.14)
_ _
y = 1, =T (3.15)
_ oy _

where ( is the zeta potential.
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3.2.2 Electrokinetic flow field in a cylindrical microchannel

The flow of the electrolyte solution is determined by the momentum and mass conser-

vation equations,

.
p {—“ - va} — —VP+uV2i+ Ep. (3.17)

<
£
Il

o

(3.18)

where u is the velocity vector, p is the viscosity, p is the density of the fluid, p. is the

net local charge density and E is the force of the applied electric field.

If we assume the steady state and fully developed flow, then the velocity components
satisfy u = u(x,y) and v = w = 0, in terms of the radial coordinate 'y’ and component

axial ‘2’ the equation of momentum (3.17) is reduced to:

10 ( Ou 0*u
ga—y <ya—y) + % =VP - Epe (319)

For a simple electro-osmic flow there is no pressure along the capillary, that is VP
is zero. On the other hand for a pressure-driven flow, E, = 0. Otherwise, the field
strength would change in different sections of the nanochannel. This implies different
velocity fields in different sections of the flows. However, for incompressible liquids, the
condition of continuity requires a constant flow through the channel, then the pressure

gradient is required to satisfy the condition of continuity.

Now substituting (3.11) in equation (3.19) and entering the dimensionless variables

xz
d?
a symmetric electrolyte solution, given by:

u = %d, y=4%yT=7%, where D is the diffusion coefficient, we obtain an equation for
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10 (_0y o’u :
ia_y (ya—y) + i G1E sinh(1)) (3.20)

where G1 = QCZ"—EdS is a dimensionless number, see[56]. It is subjected to symmetric and

non-slip boundary conditions:

ou

y =0 5 =0 (3.21)
ou

v o= 0. 5 =0 (3.22)

y = 1, u= (3.23)
ou

r =1 =0 (3.24)

3.3 Electrokinetic fluids in a rectangular microchan-

nel

In this section, we intend to examine the numerical solutions of the Poisson-Boltzmann
equation and the momentum equation for electroosmotic fluid in rectangular nanochan-
nels. In this case the EDL field is two-dimensional and will affect the flow field.

3.3.1 Electrical double layer in a rectangular microchannel

We consider a nanochannel 2W wide, 2H high with a length L, as shown in Figure 3.2.
The EDL field of a rectangular section is described by the Poisson equation (3.3.1).
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2H

Figure 3.2: Rectangular Microchannel

0?v 9% Pe
i _ 9
V2 T axz T o (3.25)

If assuming that the Boltzmann distribution is applicable. The net charge density
expressed in terms of the Boltzmann distribution, which for a symmetric electrolyte is

given by:

U
e = —2¢4,zesinh (’Z—T) (3.26)

In this way, by substituting in the Poisson equation we obtain the PoissonBoltzmann

equation in two dimensions:

2y 90 2 v
0 0¥ _ 20wz, (Ze ) (3.27)

0Y? * 0X2  eg kT

Together with the following symmetric boundary conditions:
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Vo= 0 =0 (3.28)
O

X =0, 5 =0 (3.29)

Y = H, U=¢ (3.30)

X = W, U=¢( (3.31)

Now applying the following dimensionaless variables

X
zeW
= — .34
v = o7 (3.34)

where D), = éﬂ% is the hydraulic diameter.

Then, the Poisson-Boltzmann equation and boundary conditions are transformed into:

o
aY? = 0X?

= (kDy)?sinh () (3.35)

where Kk = (2600Z2€2/880ka)1/2 it is the Debye-Huckel parameter. Besides the di-
mensionaless parameter kDj, is often referred to as the electrokinetic diameter. The

corresponding non-dimensional boundary conditions are:
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yo= 0 5o =0 (3.36)
o
v =0, =0 (3.37)
_oH w= 2 (3.38)
y - ) - ka - .
el .

3.3.2 Electrokinetic flow field in a rectangular microchannel

Consider a steady state flow, fully developed in two dimensions, then the velocity
components are reduced to u = u(x,y) y v = w = 0. Also, replacing p. the equation
(3.17) becomes:

Pu  0u . zeV
% <3_y2 + @) = (260026 Smh(k:b_T>) E (3.40)

This complemented with symmetric boundary conditions

ou
=0, —=0 3.41
y oy (3.41)
ou
= 0. — =0 3.42
:C 9 al‘ ( )
r = W, u=0 (3.44)




Now entering the dimensional variables:

S|
I

(3.45)

=
I

(3.46)

Sk

where U is the reference velocity and the distance L between the two electrodes. So we

have the following equation:

’u  0°u = .
a—yz + ﬁ =MFE Slnh(;b) (347)

2Coo ze(DZ
pUL

where M = and the boundary conditions are given by:

7 =0 —=0 3.48
] = (3.48)
ou
T = = 4
T 0, — =0 (3.49)
H
T o= & = 3.50
Y R 0 (3.50)
T = Dﬂh’ u=0 (3.51)

3.4 Numerical Results

In this section, the MAPS is used to solve the problem posed in [79], in which they

propose an analytical approach to an electro-kinetic flow problem affected by Joule
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heating. A fully developed electroosmotic and pressure-driven combined flow in the z
direction of a Newtonian liquid is solved in the computational domain given in Figure

3.3. The computational domain is given in 3.3,

(b)

Figure 3.3: a) Domain of the problem (see [79]) and b) Discretization

The equations to be solved are given by the distribution of the electric potential which

is given by the Poisson-Boltzmann equation in the form [94]

0% 0% 2zeny ezt
= inh T .52
ox? * oy? e on (KB ) (3:52)

12 and entering the dimen-

Defining the Debye Huckel parameter x = (2nge®z?/ckpT)~
sional variables ¢v* = ezy/kgT, 2* = x/H, y* = y/H and y* = y/H y K = H/k, the

equation is in the dimensional form

aQw* a2w*

927 T oy K sinh (") (3.53)

Together with dimensionaless boundary conditions

o

A*
%b*:o — 07 ¢

. a=0
Cv ay*|y—0 )

*

po=C (354)
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where o = W/H and (* = ez(/kgT. The analytical solution is the following expression:

cosh(Ky") 2~ (=) cosh(Bua7)cos(vuy”)
= ———+ 2K 3.55
vr=¢ cosh K ¢ nZ:O VB2 cosh(f,a) (3:55)
0.07
s . ‘ . ‘ . . ‘ 0 . . ‘ ‘ T
o 5 10 18 20 25 30 368 40 ] 500 1000 1400 2000 2500 3000
K i
(a) Error vs K (b) Error vs N

Figure 3.6: Error

Strong effects of constant K can be seen in the numerical profiles of the potential which
are shown in figure 3.4. It is also observed that the electrical double layer only exists
near the wall. According to [95] microchannel flows, the potential of EDL in the corner
regions is expected to cause strong resistance to flow. Figure 3.5 shows the profiles of
the potential at y = 0.5 where it is possible to see the effects suffered at the corners for
the profile of the potential and in figure 3.6 a), the errors obtained in different values
of K (see |2]), while in figure 3.6 b), error analysis is shown according to the discretion

used different discretizations used for K = 40.

The velocity distribution of a mixed electroosmotic and pressure-driven fluid is reduced

to the expression given by:

*u  0%*u op
% (@ + 8_342) = & — pE, (3.56)

where £, = —d¢/dz It is the external applied electric field. The momentum equation

in the dimensional form can be rewritten as
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2, % 2, % 2
0°u N 0°u _ _or_ K
8$*2 ay*Q C*

" (3.57)

where u* = u,/uyg, here uys = —eCE,/u is called the Helmholtz-Smoluchowski elec-
troosmotic velocity, according to [79], it is the maximum possible electroosmotic veloc-
ity. I' = upp/uys is the velocity scale relationship with upp = —H?*(dp/dz)/2p repre-
senting the pressure-driven speed. This is complemented by the dimensional boundary

conditions given by

ou* ou*
=0 =0, U |prma = 0, ==
D=0 oy*

et =0 (3.58)

y*:0 - 07 U*

Equation (3.57) has the following expression as an analytical solution

(3.59)

© s (—1)" cosh(1,07) cos(1ay”)
*=1+T1(1—-9y*) — = —4I
W= Z 73 cosh(y,0)

In addition, the average speed in the section of the channel is given by

1 1 o
Uy, = —/ / udx*dy* (3.60)
@ Jo Jo

Figure 3.7 presents the distribution of the dimensional velocity for different values of T'.
When I' = 0, there is a purely electroosmotic fluid which is moved by the application of
the external electric field. In the case I' = 1 a combined fluid is obtained in the presence
of a pressure gradient whose result is an overlap of electroosmotic and pressure-driven
velocity profiles. When I' = —1 a pressure opposes the fluid and delays the flow. Figure
3.8 shows the profiles of the dimensional velocities at y* = 0.5 together with the error
obtained when it is comparing with the analytical solution. It is observed, as the forces
of the electric field is limited to the regions of the wall, this affects the flow velocity

profile as seen in Figure 3.8.

Finally, the energy conservation equation in terms of temperature and including the
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Figure 3.9: Velocity error vs N, for I' =1

effects of Joule heating, is given by

DT

where ¢, is the specific heat at constant pressure, k£ the thermal conductivity and
s = E?/oy the volumetric heat generation rate due to Joule heating. Then, energy

equation in dimensionaless form is

0%0* 020" u*
9 + AT 1+1/a+S)+ S (3.62)

av

E2H
where § = ==

is the dimensionless Joule heating parameter, see [58, 78|. with bound-

av

ary conditions

00* o0*
r*=0 — 07 o TF=a — 07
O+ =0 oy*

yo0=0, 0

ye1 =0 (3.63)

Which has as an analytical solution the expression given by
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1+1 S) ¥
9:A1+A2y*2—A3y*4—( + /a+ )775_

* 2
ut K

N Z [ cosh(ynz™) o x* sinh (7, z*)

" cosh(y ) cosh (v, ) cos(my’) (3:64)

Where the coefficients Ay, Ay, As, B,, and C,, are defined below according to [78] as:

141
4, = LEVatS) U/*O‘ )y~ sr12 - 1/2) (3.65)
1+1
a, = At 1/a+s) +2{L‘j‘+5)(1+r)—5/2 (3.66)
1+1/a+9S)T
Ay = .
’ 12u, (367)
28(=1)" 2(1+1 " r 2l
p, = BT 20+ et 5) 1+ = tanh(y,0) + = (3.68)
g Ui Vo Tn VA

oT(1 + 1/a + S)(—1)"

Cn = 3.69
U T (3:69)
Then the average temperature in its dimensionaless form is given by
1 ra « * g, % 1 ra &« * g, %
0 Jo Jo w*0dx*dy _ Jo Jo w*0dz*dy (3.70)

fol foa u*dz*dy* Uiy

In the figure 3.10, distribution of the dimensionless temperature for different values of
the S is presented. It can be observed that for negative values of S (S = —1, S = —2)
the temperature difference between the center and the walls of the microchannel is
large, while this is getting large (S = 2) this difference decreases, as it is shown in
figure 3.11. A clear for cases of S = —2 and S = 2, it is a clear trends of heating and

cooling of the microchannel surface, respectively. The eletroosmotic fluid generates a
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Joule heating that dissipates through the walls, because of this the heat flow in the

walls is negative, for more details see |78].

3.5 Final Remarks

In this chapter a study on electrokinetic fluids for microchannels was presented, as
an overview of the theoretical foundations that support the problem and model to
be solved. This corresponds to a validation problem, where two types of pressure-
driver flow fluids and electrosmotic flows were considered for rectangular and cylindrical
microchannels, and solved a model for the distribution of potential, velocity, coupled
to the energy equation where dissipation is analyzed through the walls of the heat flow
generated. In addition, it was solved for a non-linear differential Poisson-Boltzman
equation, where Newton Raphson’s method was applied to solve the non-linearity which

allows to obtain a robust scheme
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Chapter 4

ELECTROKINETIC FLUIDS IN
NANOCANALS OF A PEM
MEMBRANE

In this section, a model for electro-kinetic flow in a cylindrical nanochannel (from [9])
is solved by means of the MAPS. The domain is a nanochannel that has a uniform
charge density o, on the walls, due to the concentration of protons ¢ found within the
channel. The models that are solved are a simplification for a nanopore in electrolyte

membranes of polymers such as Nafion.

4.1 Governing equations

In order to solve this problem, it is assumed that the flow moves in the axial direction
x due to the application of an external electric field and a pressure gradient. The
concentration of protons ¢ and the electric potential ¢ and the fluid velocity is denoted

by u = u(z,y) and the external electric field E applied is constant.

The solution of our problem is carried out in two dimensions, that is to say that both

the radial component 'y’ and the axial direction ‘2’ are taken into account, see figure



Figure 4.1: Cylindrical nanochannel

4.1. According to this, the system of equations of the model to be solved is given by:

1d, dy d*1 qc
I (= = 4.1
y dy (y dy) + dx? €€ (4.1)

Using the Boltzmann distribution equation, the concentration of protons is determined

by

cely) = Coequw(y)/kBT

(4.2)
Then the Poisson equation becomes the Poisson-Boltzmann equation, so
V24 L 90 gt (4.3)
y dy €€g
Here At = %ﬁ—i—%. Now introducing the dimensionaless variable zZ = —é—d’T, y=1vy/R
we have to
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~ 1dy

V) 4 =8 = AP 4.4
=0 (4.4)
Where X It is a dimensionaless parameter A\ = RQZQC%. According to [8] A is restricted
eeokp
80s

in the range 0 < A < 8 and with ¢y = R2q%co Jecokp T—AqR

This is complemented with symmetric boundary conditions in their non-dimensional

form given by:

dy

— =0 at y=0 4.5
i at Y (4.5)
A A Ao _
- = =— t =R 4.6
dy 2(1-A/8) qRcy ¢ (4.6)
(4.7)
i3
d_;:p\ =0 at =0 (4.8)
% =0 at =1L (4.9)
(4.10)
The flow field is given by the Stokes equation of the form,
1d, du d*>uv  dP
——(y— — - — = E 4.11
e (y dy) o = ae(y) (4.11)

Here the pressure gradient dp/dx = P is constant, using the non-dimensional variable

y=y/R and T = x/R, we have to
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1 ER? PR
Ldu g PR | PR (4.12)
ydy It I

V2u +

Complemented with symmetric boundary conditions given by

du

g t g= 4.1

5 0 at y=0 (4.13)

u =0 at y=R (4.14)

d

d—; =0 at T=0 (4.15)

d

% =0 at T=1L 4.16)
(4.17)

In equation (4.1) ¢ is the charge of the electron, D is the proton diffusion coefficient,
co is the concentration of protons in the center of the channel and F' is the Faraday

counter.

According to [9] and [8], the analytical solution for the electrical potential is given by:

Y(y) = —In [(1 — gy2>2] (4.18)

So, the concentration of protons is,

Co

c(y) = (eSO (4.19)
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and the analytical solution of the Stokes equation,

(1—1y?) (4.20)

2qcoER? {1 - )\yz/S} PR?
u(y) = In -

Al 1—X/8 4

4.2 Resultados

4.2.1 Cross section of radius R for a nanochannel

The model given by the equations (4.1) and (4.1) is solved using the MAPS, and the

parameters used were the following:

* T — 353K, e — 45, ¢ — 1.6 x 10-°C

* os=—q/(1 x107%)2 = —0.16C'/m?

*R=1x10""m

* D =75x%x10"""m?/s, ¢g = 8.8854 x 10712C?/(Nm?), u = 3.35 x 10~*Pas

* £ =0.1/50 x 1075V /m = 2000V/m

In figure 4.2, the comparison of the analytical solution with the numerical solution is
shown, for a uniform discretization of 2500 points, for this case a value of A = 1 was

used. Figure 4.3 shows the results obtained for the electric potential for different values
of A.

The electro-osmotic velocity is calculated for a pressure gradient P constant to a value
of 100 atmosphere which is equivalent to 10 x 10°Pa/m. The figure 4.4 the speed
profile shown compared with the analytical solution 4.20 and the relative error of this

calculation.

Figure 4.5 shows the velocity profiles for different values of A which shows their depen-

dence on this non-dimensional parameter. In table 4.2.1, we show the RMSE errors
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Figure 4.2: a) comparison of the numerical solution and the analytical solution of the electric
potential, in b) The error for a discretization of N = 2500
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Figure 4.3: Electrical potential for different values of A and N=2500
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obtained for discretizations of N = 900 and N = 2500, taking different values of A for
the electric potential and electro-osmotic velocity. The variation of the parameter A,
for the potential increases the resistance in the walls of the nanochannel which leads
to an increase in velocity, a situation that is generated to maintain the flow of protons

through the nanochannel.

w10 Welocity profile w10 Welocity error

T
* U

Usnalvtical

0s8r

Bo06t
=

Error
u

0.4r

02r

. . L L L L L . L . L I . L L . L L .
1} o1 02 03 04 05 0B 07 08 08 0 0.1 02 03 04 05 0B 07 08 09 1
R[nm] R[nm]

(a) (b)

Figure 4.4: a) comparison of the numerical solution and the analytical solution of the velocity, in b)

The error for a discretization of N = 2500

Potential Velocity
N
\ 900 2500 900 2500
0.1 2.30 x 1072 | 1.60 x 1072 || 5.97 x 107 | 2.74 x 107°
0.5 4.31 x 107* | 1.60 x 107* || 6.20 x 107® | 2.74 x 10~*
1.0 1.50 x 1072 | 5.18 x 107* || 6.31 x 107° | 2.88 x 10~°
5.0 1.13x 1072 | 510 x 1073 || 8.41 x 107° | 3.76 x 10~°
7.5 720 x 1072 | 3.30 x 1072 || 2.73 x 107* | 1.15 x 10~

Additionally, in table 4.2.1 it shows that there are no significant variations in reference

to the number of nodes used, however it is appreciated that for high values of A the

error increases situation that arises due to the resistances in the walls.
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Figure 4.5: Velocities profiles for different values of A and N=2500

4.2.2 Two cylindrical nanochannels

In this section, the conductivity between two cylindrical nanochannels in connection
in a PEM membrane is studied. Two nanochannels a length of 10nm and a diameter
of 2nm are considered, which are assumed to be joined by the superposition of the
membrane layers. Two cases are taken into account, one where the nanochannels are
perfectly aligned and another in which there is a shift in the interfaces of the two, as

shown in 4.6.

This problem is solved in two dimensions in Cartesian coordinates along the two

nanochannels.

For this case, the model is solved in Cartesian coordinates in two dimensions that is

similar to that presented in equations (4.1) and (4.1), but with boundary conditions,
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Solid 5 '

Figure 4.6: Nanochannel: where L is liquid, O; is inlet, Os is outlet, S is solid and [ is
free interface between liquid and solid, see [49]
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Figure 4.7: Discretizacion
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6‘w 0o

— = I 4.21
on E0Er o (421)
0 )
a—:{: = (=1)E., on O;i=1,2 (4.22)
For the electric potential and with,
u = 0, on [ (4.23)
0
% — 0, on O;i=1,2 (4.24)

For velocity. First, the case is presented when the two nano channels are perfectly

aligned as shown in Figure 4.8.

Fotential Welncity

Figure 4.8: Straight nanochannel result a) electric potential, b) electro-osmotic velocity

For the ideal case of two perfectly aligned nano channels, no electro-osmotic resistance
is presented, which allows free fluid mobility. In Figure 4.8 a) the constant potential is
maintained at the boundary and in the liquid-solid interface, and it only shows variation
as it approaches the center of the nano channel, in Figure 4.8 b) it is observed that the
velocity is zero in the boundary and it is increasing towards the center of the channel

until reaching its maximum value.
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The results in Figure 4.8, that at the interface of the two nano channels there is no
resistance to the fluid and therefore there is no electro-osmotic resistance, which would

allow a good functioning of a PEM membrane.

Patential Welocity
M

Figure 4.9: Nanocanal with jump a) electric potential, b) electro-osmotic velocity

Secondly, a case is solved where the nano channels have a slight displacement forming
a step or jump class, as shown in Figure 4.9. In Figure 4.9 a) the electrical potential
is kept constant at the boundaries of Cana nano channel, however there is a variation
in the interface between the two nano channels, in Figure 4.9 b) a velocity profile
is formed that is maintained constant and compliance with boundary conditions is

observed, however a decrease in fluid velocity is observed

The previous results show a resistance that occurs at the interface of the nano channels,
a variation that is evidenced by a decrease in fluid velocity. According to [49], he
considers that this variation in velocity is due to an electro-osmotic resistance that is
generated between the two nano channels. In the operation of the fuel cell, an increase
in pressure would be carried out to maintain the speed of the fluid, but according to [53]
and [10], this could generate that in the PEM membrane the jump or step is greater,

which leads to another decrease in speed.

On the other hand, we find that the flow of protons is large near the pore wall. Which
agree well with the results of the literature. Hence, we believe that the objectives set
out in this work are met, since a powerful and robust mesh-free numerical scheme is
developed, which solves a mixed electro-kinetic flow problem and identifies the causes

of electro resistance -osmitica on the interface of two nano channels.
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4.3 Final Remarks

In this section, the MAPS was applied for the solution of an electrokinetic model of a
PEM membrane in a fuel cell. In the first, a cross-section of a nanochannel was resolved,
the A\ parameter is varied for the electrical potential and the incidence of the double
electrical layer on the nanochannel wall is determined. In the figure 4.3 it is observed
that for small values of A\, the potential exerts little resistance to the flow and as it
grows there is an increase in resistance, a situation that is due to the polarity of the
wall, see [56]. The equations of potential and velocity are coupled, and an increase in
potential was observed represented in a decrease in velocity, a more pronounced profile
is obtained as shown in the figure 4.5. This situation is due to the opposition exerted
by the double electrical layer to the passage of proton flow through the membrane

nanochannels.

In the second problem, it resolved the electrokinetic model between two cylindrical
nanochannels connected to each other of a PEM membrane. In the results obtained it
is observed that it maintains the trend reported in the literature. In addition, the results
of the cross-section can be affirmed that the electrochemical resistance reported in the
literature is probably due to the resistance exerted by the double electrical layer on the
walls of the nanochannels causing the speed decrease, a situation that worsens when
the offset between the nanochannels is greater. For the electric potential it is solved for
a non-linear differential Poisson-Boltzman equation, where Newton Raphson’s method

is applied to solve the nonlinearity of the model.
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CONCLUSIONS AND FURTHER
WORK

CONCLUSIONS

A meshless method scheme of approximate particular solutions (MAPS)was developed,
which is implemented to solve scalar and vector problems. For this, two generic codes
were developed, the first with particular Poisson solutions for scalar problems and the
second with a particular solution of the Stokes equation system to solve flow in a channel
and in two parallel plates, both cases with MQ function as RBF. A two-dimensional
Poisson equation with Dirichlet boundary condition and an inhomogeneous momentum

equation in two dimensions are solved, respectively.

The MAPS was implemented to solve two initial problems: first a ’Slit Flow’ channel
and then a convective laminar flow between two parallel plates and additionally an
elliptical differential equation with variable coefficients. The influence of the type of
boundary conditions on the Approximate Particular Solutions Method for both vector
and scalar problems was determined. In the case of vector problems, the analysis
was performed for Dirichlet, traction and mixed boundary conditions, while the scalar
problem was performed for Dirichlet and Neumann conditions. In all cases, the care
that should be taken in the selection of the type of boundary condition was shown,
was found that the MAPS has a good behavior for mixed boundary conditions between

Dritchlet and traction, which shows better results and stability.

During application of the MAPS to solve the problem of the ’Slit Flow’ in the channel,



was performed for two types of discretization: uniform and refined toward axis ’x’.
For the Type 1 boundary condition, no significant differences were found when using a
uniform discretization and then a refined discretization. Something contrary to what
happened with the boundary condition Type 3, in which the error step €. = 5.19x 1073
t0 €orp = 7.92 x 10712 and the boundary condition Type 4 step from €., = 5.20 x 1073
to € = 1.06 x 107!, improving results in these problems and showing that these

boundary conditions must be consistent with the physics of the problem.

Study of electro-kinetic fluids is carried out. These phenomenons are very important
for applications in various chemical and biomedical analysis subjects. In addition to the
great development in research topics of mechanical engineering and fuel cells type PEM.
The MAPS was implemented for solution of eletrokinetic fluid in micro and nanochan-
nels for electroosmotic and pressure-driven fluids, obtaining satisfactory results where
evidencing the efficiency and simplicity of the solution method. These results were
compared and validated with the respective analytical solutions reported in the litera-
ture, convergence analyzes performed according to the type of discretization show how

quickly the MAPS achieves stability in the error.

It is important to keep in mind that electrokinetic fluids were solved for a nonlinear
Poisson-Boltzman differential equation, where Newton Raphson’s method was applied
to solve nonlinearity which allows to obtain a robust scheme, which was later used for

the solution of the model in the PEM membrane.

After solving solve electrokinetic flows method efficiently, we studied the application
of the method to the problem of electroosmotic flow in cylindrical nanochannels in
PEM membrane. Results were obtained for a mixed flow (pressure-driven and electro-
osmotic) based on a system of two coupled equations for fluid velocity and potential.
The results obtained follow the trend reported in the literature, for two important cases
analyzed: the first case in which has two perfectly aligned nanochannels and the second
case where a slight shift in the interface of the two nanochannels. Results that allow

us to show the good behavior of the MAPS for the solution of this type of problems.

A numerical method of radial basis functions with approximate particular solutions
was developed which was used to solve the Stokes flow problem and for the electrical
potential this in a PEM membrane of a fuel cell. The hypothesis at the beginning of

this work is validated and shown that the developed method is accurate and efficient
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to solve electrokinetic flows and nonlinear coupled equations. easy deployment, robust

and consistent method was achieved.

FURTHER WORK

The solution method developed here shows similar results to those reported in the
literature, although the capabilities of this solution method have been demonstrated
in this work and in previous research, It is recommended to continue with this type of

research.

One of the aspects to analyze is the type of discretization to be used. Significant
changes were found in the results according to the assigned nodal distribution, this
without leaving the issue of bad conditioning of the matrix when trying to improve
the results by increasing the number of nodes In this work, only particular solutions
were used using the multicadric RBF, although some works have already used another
type of RBFs such as |84] that uses trigonometric basis functions to solve PDEs. It is
important to keep in mind that there is still much to investigate to find formulations
of the particular solutions for each RBF that is used. From there, for future work,
an implementation of the Local MAPS could be carried out and the behavior in the

interface of the two nano channels can be observed in more detail.

Regarding the application to electrokinetic fluids in the proton exchange membrane
(PEM), a study that takes into account the concentration of protons given by the
Nernst-Planck equation would be important, this coupled with the equations of the
electric potential and the fluid velocity Since, for reasons of time it was not taken into
account in this work. Similarly, a formulation of the MAPS could be worked on for a
three-dimensional problem that would be easy to apply due to the characteristics of the
method.

The method presented can be used for solving similar problems solved in this work,

even with a higher degree of complexity provided they are similar models.
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